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Introduction and Summary
Quantum Chromo Dynamics (QCD) is the fundamental theory of the strong interaction and the
nucleons represent bound systems of quark and gluon degrees of freedom. Nuclear physics in
the low energy regime is considered as an effective theory where the nucleons are the essential
degrees of freedom, whose interaction can be described by a nucleon-nucleon force. In the
QCD picture the force between the color neutral nucleons is a residual interaction like the van-
der-Waals force between electrically neutral atoms. Therefore it is expected that the nuclear
interaction is not a simple local potential but has a rich operator structure in spin and isospin
and in many-body systems may also include genuine three- and higher-body forces.
There are attempts to derive the nucleon-nucleon force using Chiral Perturbation Theory
[EM01]. However this promising approach cannot compete yet with the so-called realistic
interactions that reproduce the nucleon-nucleon scattering data and the deuteron properties.
The realistic nucleon-nucleon forces are essentially phenomenological. The Bonn interactions
[Mac89, Mac01] are based on meson-exchange that is treated in a relativistic nonlocal fashion.
The Argonne interactions [WSA84, WSS95] on the other hand describe the pion exchange
in a local approximation and use a purely phenomenological parameterization of the nuclear
interaction at short and medium range.
It is a central challenge of nuclear physics to describe the properties of nuclear many-body
systems in terms of such realistic nuclear interactions. However in mean-field and shell model
approaches, typically employed to describe the properties of finite nuclei, realistic interactions
cannot be used directly.
Mean-field calculations are successful in describing the ground state energies and mass and
charge distributions for all nuclei in the nuclear chart but the lightest ones. There are both
relativistic and nonrelativistic Hartree-Fock models. As the short-range central and tensor cor-
relations induced by realistic forces cannot be represented by the Slater determinants of the
Hartree-Fock method, direct parameterizations of the energy-density or an effective finite range
force are used instead.
In shell model calculations with configuration mixing a two-body Hamiltonian is used in
the vector space spanned by the many-body states that represent particle-hole configurations
in selected shell model states. The solution of the energy eigenvalue problem in the high-
dimensional many-body space yields detailed information on the spectra of nuclei, the transi-
tions between the states, electromagnetic moments, charge and mass distributions, β-decay etc.
However one has to use an effective interaction in the two-body Hamiltonian. Although one
often starts with a G-matrix derived from realistic interactions the two-body matrix elements of
the Hamiltonian have to be modified and adjusted to a large set of ground state and excitation
energies for an accurate description of the data. This has to be done separately for each region
of the nuclear chart.
Only recently it became possible to perform ab initio calculations of the nuclear many-body
problem with realistic interactions. In Green’s Function Monte Carlo (GFMC) calculations
[PW01] the exact ground state wave function is calculated by approximating the many-body
Green’s functions in a Monte Carlo approach. The GFMC calculations of light nuclei up to
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A = 8 − 10 with the Argonne interaction demonstrate the necessity of additional three-body
forces. With three-body forces adjusted accordingly the experimental nuclear binding energies
and radii as well as the spectra can be reproduced.
Another ab initio approach for nuclei up to A = 12 is the large-basis no core shell model
[NVB00]. All nucleons are treated as active in a large shell model basis. Despite the large
basis it is necessary to treat the short range correlations separately. An effective interaction for
the model space is derived in a G-Matrix procedure in two-body approximation.
Ab inito calculations for the doubly magic nuclei 16O and 40Ca are performed with the Cor-
related Basis Function (CBF) method [FdSCF98, FdSC00]. Here a perturbation expansion on a
complete set of correlated basis functions is performed. The evaluation of expectation values is
done in the Fermi Hypernetted Chain (FHNC) method where the Single Operator Chain (SOC)
approximation is used.
Aim
Our aim is to perform ab initio calculations of larger nuclei with realistic interactions in a
mean-field or a shell model many-body approach. To make this possible we introduce a unitary
correlation operator C∼ that takes care of the short-range and tensor correlations. The correla-
tions are not expressed in a certain basis of a model space but are given analytically in terms of
operators of relative distance, relative momentum and the spins and isospins of the nucleons.
The correlated interaction
Hˆ∼ = C∼
†H∼ C∼ (1)
we obtain by applying the correlation operator to the realistic interaction is therefore not re-
stricted to the model space of a certain many-body theory but can be used for example in a
Hartree-Fock calculation as well as in shell model calculations with configuration mixing. The
fact, that the correlations are not expressed for example in the harmonic oscillator basis of a
model space but basis-free in coordinate space, makes it easier to understand the physics of the
central and tensor correlations.
Furthermore the unitary correlation operator provides not only a correlated interaction, that
can be considered as an effective interaction, but other operators can be correlated as well and
the physical implications of the short-range correlations on other observables, for example on
the nucleon momentum distributions or the spectroscopic factors, can be evaluated.
The correlated interaction is used successfully with simple shell model and Fermionic Molec-
ular Dynamics Slater determinants. This allows us to perform calculations for all nuclei up to
about A = 50. Although a single Slater determinant as many-body trial state is the most simple
ansatz we obtain results very close to those of the quasi-exact methods.
Procedure
The repulsive core and the strong tensor force of the nuclear interaction induce strong short-
range central and tensor correlations in the nuclear many-body system. These correlations
cannot be represented with the simple many-body trial states of a Hartree-Fock or a shell model
calculation that are Slater determinants of single-particle states
∣∣∣Ψ 〉 = A {∣∣∣ψ1 〉 ⊗ . . . ⊗ ∣∣∣ψA 〉} . (2)
To illustrate the short-range central correlations in the nucleus the two-body density in the
S ,T = 0, 1 channel of the 4He nucleus is shown in Fig. 1. The two-body density of the cor-
related trial state, plotted as a function of the distance r between two nucleons, is suppressed
2
in the region of the repulsive core of the interaction and shifted outwards. This correlation
hole is completely absent in the two-body density of the uncorrelated trial state. The central
correlations are discussed in section 1.6.
Figure 1: Two-body density ρ(2)S ,T (r) of an uncor-
related and two-body density ρˆ(2)S ,T (r) of a corre-
lated 4He trial state in the S ,T = 0, 1 channel.
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The tensor force in the S =1 channels of the nuclear interaction depends on the spins and the
spatial orientation rˆ of the nucleons via the tensor operator
S12(rˆ, rˆ) = 3(σ1 · rˆ)(σ2 · rˆ) − (σ1 · σ2) = 2
(
3(S · rˆ)2 − S2) . (3)
Therefore the induced tensor correlations also involve the spin degrees of freedom. An align-
ment of the nucleons with the total spin S = 12 (σ1+σ2) is favored energetically. The correlation
between spin orientation and density distribution induced by the tensor force is illustrated in
Fig. 2. Here surfaces of constant two-body density in the deuteron are shown for the indicated
orientation of the total spin
〈 S 〉 as a function of the relative orientation r of the nucleons. The
nucleon density is concentrated where the orientation rˆ is parallel or antiparallel to S. This
plot in addition visualizes the central correlation hole. The tensor correlations are discussed in
detail in section 1.8. As with the central correlation hole, the alignment of spins and density in
the two-body density of a many-body state cannot be represented by a Slater determinant.
Figure 2: Surface of constant two-body density in
the deuteron (ρ(2)1MS ,0(r) = 0.005fm
−3) for MS =
±1. The plot is done for the Argonne V18 inter-
action.
PSfrag replacements
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We describe the central and tensor correlations by a unitary correlation operator that is the
product of a central correlator C∼ r that only shifts radially and a tensor correlator C∼ Ω that only
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performs shifts perpendicular to the relative orientation rˆ
C∼ = C∼ ΩC∼ r . (4)
To perform the radial shifts, that move probability out of the repulsive core (cf. Fig. 1), the
generator of the central correlator C∼ r uses the radial momentum operator p∼ r
together with a
shift function s(r) that depends on the distance of the two nucleons.
C∼ r = exp
{
−i
∑
i< j
1
2
(
p
∼ ri j
s(ri j) + s(ri j)p∼ ri j
)}
(5)
The shift will be strong for short distances and will vanish at large distances.
The generator of the tensor correlator uses a tensor operator constructed with the orbital part
of the momentum operator pΩ = p − pr. The r-dependent strength of the tensor correlations is
controlled by ϑ(r).
C∼ Ω = exp
{
−i
∑
i< j
1
2
(
S12(pΩi j, ri j) ϑ(ri j) + ϑ(ri j) S12(ri j,pΩi j
)}
(6)
In section 1.8 it is demonstrated that the so constructed C∼ Ω moves probability from the “equa-
tor” to the “poles” such that a spherical distribution transforms into the one shown in Fig. 2.
The tensor correlator is a scalar operator and does not change the total angular momentum of
two nucleons but it transforms the spatial wave function of the relative motion in dependence
on the spins of the nucleons. Its action is illustrated best in the angular momentum represen-
tation, where it mixes states
∣∣∣ (L = J ∓ 1, S = 1)JM 〉 with states ∣∣∣ (L = J ± 1, S = 1)JM 〉. The
tensor correlator for example admixes the d-wave component of the deuteron wave function
when starting from a trial state that has only an s-wave component.
We use central and tensor correlations that are of finite range so that
C∼ (r → ∞) = 1∼ . (7)
This implies that the phase shifts of the correlated interaction Hˆ∼ = C∼
†H∼ C∼ are the same as for
the uncorrelated interaction H∼ .
As the nuclear interaction depends strongly on spin and isospin we use different correlators
in the distinct spin-isospin channels. In each channel the correlator is determined for the low-
est orbital angular momenta. For higher orbital angular momenta the centrifugal barrier shifts
the nucleon density to larger distances and the effect of the short-range repulsion is smaller.
Furthermore the lowest orbital angular momenta have the biggest weights in many-body cal-
culations.
The correlated many-body trial state
∣∣∣ Ψˆ 〉 = C∼
∣∣∣Ψ 〉 (8)
consists of two parts, the correlator C∼ and the uncorrelated trial state
∣∣∣Ψ 〉. In the sense of the
Ritz variational principle both can be varied. The optimal correlator will however depend on
the restrictions imposed on
∣∣∣Ψ 〉. Or in other words: The more variational freedom is in ∣∣∣Ψ 〉 the
less remains for C∼ . It is important to note that for trial states
∣∣∣Ψ 〉 consisting of a superposition
of few or many or even very many Slater determinants the corresponding correlators C∼ differ
only in their long range behavior and are very similar at short distances.
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The correlator is the exponential of a two-body operator and therefore the correlated Hamil-
ton operator contains not only one- and two-body but in principle also higher-order contribu-
tions. If the correlators are of short-range and the densities are not too high, i.e. the mean
distance of the nucleons is larger than the correlation length, the two-body approximation,
where only the one- and two-body contributions are taken into account, is well justified. In
this two-body approximation the central and the tensor correlations are evaluated analytically
in the angular momentum representation without further approximations, see section 1.8.4.
Based on this we perform in section 1.10 ab initio calculations for the doubly magic nuclei
4He, 16O and 40Ca where we use a single Slater determinant of harmonic oscillator shell model
states. Despite this simple trial state the energy and radii compare very favorably with other
much more expensive methods.
The correlations implemented with the correlators C∼ r and C∼ Ω are extremely important. For
example in 4He calculated with the Argonne V18 interaction the inclusion of central repulsive
correlations decreases the energy by 62 MeV and the tensor correlations result in a further
decrease of 37 MeV to finally end up at a binding energy of E = −25 MeV. In addition we
observe that, although the expectation values with the uncorrelated Argonne V18 and Bonn-A
interaction differ greatly, the correlated interactions give almost identical results for the nuclei.
In section 1.12 we demonstrate that the correlated Bonn-A and Argonne V18 interactions
not only give very similar results in the many-body calculations, they also agree extremely
well in the momentum space representation. The correlated interactions in momentum space
are compared with the Vlowk potential [BKS+01] that is obtained by integrating out the high
momentum modes. Although derived in a quite different scheme the Vlowk potential is very
similar to our correlated potential.
We conclude from these observations that the unitary correlator extracts the common low-
momentum behavior of the Bonn-A and the Argonne V18 interactions. With the unitary cor-
relator we therefore have successfully performed a separation of scales. The high-momentum
scale of the short-range correlations is covered by the unitary correlator, the low-momentum or
long-range behavior is described by the uncorrelated many-body trial state
However the tensor correlations are longer in range than the central correlations and the
separation in short-range or high-momentum components and long-range or low-momentum
components as it is possible for the central correlations is not as clear cut for the tensor correla-
tions. We can ensure the validity of the two-body approximation by using the unitary correlator
only for the shorter part of the tensor correlations and use an improved many-body description
for the long ranged part of the tensor correlations. Nevertheless a decent description is also
possible with very simple many-body trial states and a long ranged tensor correlator when we
tolerate larger uncertainties due to three-body contributions.
If the correlated interaction is not to be used in angular momentum eigenstates of closed shell
nuclei but for example in Fermionic Molecular Dynamics we use a basis-free representation of
the correlated interaction, as presented in section 1.11. With that we calculate in section 2.2
the ground state properties of about 140 nuclei up to A = 48. As in the GFMC calculations for
light nuclei and the CBF calculations, that are numerically feasible only for 16O and 40Ca, the
nuclei are not bound enough with realistic interactions.
The fact that the realistic two-body forces alone give not enough binding in the many-body
system is unfortunate because it implies that additional genuine three-body forces have to be
added. In principle Chiral Perturbation Theory should be able to provide a derivation of three-
body forces that are consistent with the two-body forces. Because of the complexity of this
approach a more phenomenological ansatz for three-body forces is used [PPWC01] whose pa-
rameters are adjusted to reproduce the many-body properties. The three-body contributions are
5
small compared to the two-body ones. Because of the large cancellations between kinetic and
potential energy the three-body forces are nevertheless important for an accurate description of
nuclei.
Summary
The unitary correlator provides a transparent and powerful method to use realistic nucleon-
nucleon interactions in ab initio calculations for larger nuclei, but with comparatively little
numerical effort. The big advantage of realistic interactions for nuclear structure calculations is
that the spin and isospin dependence of the correlated two-body force is fixed. Different from
effective interactions or mean-field parameterizations of the energy-density there are no free
parameters in the two-body force. This is especially important for the predictions concerning
exotic nuclei with large isospins and low density tails.
Our results show in agreement with GFMC calculations of light nuclei that the realistic
two-body forces alone cannot successfully reproduce the experimental binding energies of the
nuclei.
The ab initio calculations for about 140 nuclei up to A = 48 demonstrate that nevertheless
a correlated realistic interaction is a very good starting point. The main problem, the short
range repulsion and the short range part of the tensor correlations is successfully tackled by the
unitary correlator. What remains to do is the inclusion of three-body forces and improvements
in the uncorrelated trial state that take better account of the long range correlations.
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Chapter 1
Short-Range Central and Tensor Correlations
1.1 Nucleon-Nucleon Interaction
Today it is common believe that the fundamental theory of nuclear physics is Quantum Chromo
Dynamics (QCD). QCD is well tested at high energies where the asymptotic freedom allows
to use perturbation theory. Unfortunately the situation is much more complicated in the low
energy regime of nuclear structure physics. Due to the confinement property it is not possible
to calculate properties of atomic nuclei starting from the QCD Lagrangian. A basic under-
standing of the masses of the baryons has been achieved by lattice calculations [Ric99], but
investigations of nuclear structure using QCD is beyond hope.
It has been proposed by Weinberg [Wei90, Wei91] that in the low energy regime of nuclear
physics (≤ 1GeV) where the appropriate degrees of freedom are the nucleons and the pions
one can describe those by an effective field theory based on broken chiral symmetry. In such a
scheme the general structure of the nucleon-nucleon interaction can be derived. The parameters
in this effective field theory are determined from the low-energy observables like scattering
data. Work is under way to derive the nucleon-nucleon potential following these ideas [EM01].
Another encouraging aspect of this approach is that it allows to determine the structure of the
three-body forces on the same footing – at least in principle. Up today this promising method
cannot yet compete with the “established” nucleon-nucleon interactions in reproducing the well
known scattering data.
Two prominent interactions of the 80’s, that reproduce the nucleon-nucleon scattering data
up to 300MeV and the deuteron properties, are the Bonn-A and the Argonne V14 interactions.
With more precise and better analyzed scattering data improved versions of these interactions
which include additional charge independence breaking and charge symmetry breaking com-
ponents have been presented in the 90’s, namely the Bonn-CD and the Argonne V18.
In the derivation of a nuclear force that is based on chiral symmetry one includes all terms
up to a certain order that are compatible with the symmetries of the pi-N-Lagrangian. In the
Bonn approach the nuclear interaction is described in the meson-exchange picture. This in-
cludes also higher orders like the correlated two pion-exchange. In the end the interaction is
parameterized by one-boson exchange in a relativistic treatment. The nonrelativistic variant
of the Bonn interaction has nonlocal momentum dependent terms which appear as relativistic
corrections. The nonrelativistic Argonne interaction on the other hand is rather phenomenolog-
ical. The long range part of the interaction is given as in the Bonn potential by pion exchange,
7
Chapter 1 · Short-Range Central and Tensor Correlations
the short-range part is modeled differently – where the Bonn interaction generates repulsion by
momentum-dependent interaction terms the Argonne interaction has repulsive local contribu-
tions. Nevertheless they both describe the measured phase shifts equally well. The potentials
are therefore identical on-shell but they differ in their off-shell behavior. In a bound nucleus
only the total four-momentum of all nucleons is conserved. A single nucleon in the interact-
ing many-body system as shown in Fig. 1.1 does not fulfill the dispersion relation for a free
nucleon. The properties of a bound nucleus therefore depend on the off-shell behavior of the
interaction.
Thus the nuclear force is not uniquely determined by the scattering data. Three-body forces
that are added to reproduce the experimental binding energies and radii of light nuclei [PPC+97,
WPCP00, PPWC01] are presently investigated and depend on the choice of the two-body force.
We want to remark that the Unitary Correlation Operator Method presented in this work
allows the construction of a manifold of two-body interactions which are all phase shift equiv-
alent.
Figure 1.1: Three nucleons interacting via two-
body forces. Only the total four-momentum of
the three nucleons has to be conserved p1 + p2 +
p3 = p′1 + p
′
2 + p
′
3. In this interacting system the
momentum q of the intermediate state does not
fulfill the on-shell dispersion relation q2 = m2 of
a free nucleon.
PSfrag replacements
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′
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3
q
Short-range Repulsion and Tensor Force
Common to all realistic interactions is that they cannot be used successfully in mean-field
calculations. This is due to the strong repulsion at short distances and the strong tensor force.
Both properties of the nuclear force create strong correlations in the nuclear many-body state.
The short-range repulsion leads to a correlation hole in the two-body density and the tensor
force to a correlation between the spins and the relative orientation of a pair of nucleons.
With a single Slater determinant it is not possible to describe these correlations. The two-
body density of a Slater determinant has an exchange hole due to the Pauli principle but it can-
not describe the much stronger depletion needed for the short-range correlations. The two-body
density of a Slater determinant can also not represent the correlation between spin directions
and the relative orientation of two nucleons as it is generated by the tensor force.
In the regime where they have been adjusted effective interactions without repulsive core and
tensor reproduce the experimental nuclear data. But the connection to the underlying realistic
two-body force is lost. Our aim is to explicitly incorporate the short-range central and the
tensor correlations in the many-body state using the unitary correlation operator method. In
this way we can use simple Slater determinants or a shell model approach with configuration
mixing together with realistic interactions.
8
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Figure 1.2: Central potential in the S = 0 and the S = 1 channels for the Bonn-A interaction Eq. (1.1)
(left hand side) and the Argonne V18 interaction Eq. (1.2) (right hand side).
1.1.1 Bonn Potentials
Out of the family of the Bonn potentials we will use the (nonrelativistic) Bonn-A interaction
[Mac89] which has strong nonlocal contributions and a relatively weak tensor force. Because
of the technical problems arising with the nonlocal terms there are only a few many-body
calculations using the Bonn-A potential in the literature.
We use a representation of the interaction where we project the potential on spin- and isospin-
channels. This more convenient form is equivalent to the usual representation using the σ ·σ
and τ·τ or the exchange operators 1
v∼
r⇒
∑
S ,T
vcS T (r)ΠS T +
∑
T
vt1T (r) s12(rˆ, rˆ)Π1T +
∑
T
vb1T (r) l·sΠ1T
+
∑
S ,T
1
2
(
p2vp
2
S T (r) + v
p2
S T (r)p
2
)
ΠS T .
(1.1)
1The
r⇒ symbol denotes the coordinate space representation of an Hilbert space operator. The operator ΠS T
projects on the respective S ,T channel. Further notational conventions are summarized in appendix A.
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Figure 1.3: Tensor potential for the Bonn-A interaction Eq. (1.1) (left hand side) and the Argonne V18
interaction Eq. (1.2) (right hand side).
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Figure 1.4: Spin-orbit potential for the Bonn-A interaction Eq. (1.1) (left hand side) and the Ar-
gonne V18 interaction Eq. (1.2) (right hand side). The spin-orbit part of the (l ·s)2 potential has been
added for the Argonne V18 potential.
We can identify the nonlocal p2 dependent terms of the Bonn potential. The radial depen-
dencies in this parameterization are plotted in Figs. 1.2-1.5 together with the plots for the
Argonne V18 interaction.
The 90’s version of the Bonn interaction has been refitted to the new set of scattering data and
includes additional charge independence breaking and charge symmetry breaking parts. For
this Bonn-CD interaction [Mac01] unfortunately no nonrelativistic parameterization is given.
Therefore we shall use only the Bonn-A potential in our nonrelativistic approach.
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Figure 1.5: Momentum-dependent potential (p2)
of the Bonn-A interaction Eq. (1.1) (left hand
side). The potential is weighted by 1r2 to make
it better comparable with the l2 potential of the
Argonne V18 Eq. (1.2) interaction. In the S = 1
channels the l2 part of the (l·s)2 potential has been
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1.1.2 Argonne Potentials
Unlike the Bonn interaction the Argonne V14 interaction [WSA84] is designed using a phe-
nomenological approach to be as local as possible. This is technically favorable in the GFMC
calculations. However momentum dependence is needed to reproduce the phase-shifts. In the
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Argonne potentials this is included via angular momentum dependence in form of l2 and (l·s)2
terms in contrast to the p2 terms of the Bonn interaction.
The Argonne V14 potential can be written in the spin- and isospin channel representation as
v∼
r⇒
∑
S ,T
vcS T (r)ΠS T +
∑
T
vt1T (r) s12(rˆ, rˆ)Π1T +
∑
T
vb1T (r) l·sΠ1T
+
∑
S ,T
vl
2
S T (r) l
2ΠS T +
∑
T
vbb1T (r) (l·s)2Π1T .
(1.2)
We decompose the (l·s)2 operator into irreducible tensor operators (see appendix B)
(l·s)2 = 2
3
l2ΠS=1 −
1
2
l·s + 1
6
s12(l, l) . (1.3)
and add the l2 and l·s terms to the respective potential terms in the plots Figs. 1.2-1.5.
The improved Argonne V18 interaction [WSS95] fitted to the improved scattering data does
include the electro-magnetic interaction beyond the static approximation and contains charge
independence breaking and charge symmetry breaking terms. These additional terms give only
minor corrections and we will use the Argonne V18 interactions without these additional terms.
Argonne V8’
A simplified version of the Argonne V18 is the Argonne V8’ interaction [PPC+97]. In the
Argonne V8’ the l2 and (l·s)2 parts of the full Argonne V18 interaction are projected onto the
central, spin-orbit and tensor parts in such a way that the interaction is unchanged in the s- and
p- waves and in the deuteron channel
vc00(r)←− vc00(r) + 2vl
2
00(r) v
c
01(r)←− vc01(r)
vc10(r)←− vc10(r) vc11(r)←− vc11(r) + 2vl
2
11(r) +
4
3
vbb11(r)
vt10(r)←− vt10(r) vt11(r)←− vt11(r) −
5
12
vbb11(r)
vb10(r)←− vb10(r) − 2vl
2
10(r) − 3vbb10(r) vb11(r)←− vb11(r) −
1
2
vbb11(r) . (1.4a-h)
1.2 Unitary Correlation Operator
With the Unitary Correlation Operator Method (UCOM) we want to bring together realistic
nuclear interactions and the simple many-body states of a mean field or shell model calculation.
The short-range or high-momentum behavior of the many-body state is treated by the unitary
correlator which is almost independent from the low energy scale of the long-range correlations
that can be successfully described in a mean-field approach.
The correlated many-body states are constructed by applying the unitary correlation operator
C∼ to the uncorrelated many-body state
∣∣∣Ψ 〉 that may be a Slater determinant of harmonic
oscillator states as used in shell model calculations or a Slater determinant of Gaussian wave
packets as used in the Fermionic Molecular Dynamics (FMD) model
∣∣∣ Ψˆ 〉 = C∼
∣∣∣Ψ 〉 . (1.5)
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Alternatively we can apply the correlations to the operators and define correlated operators
Aˆ∼ = C∼
†A∼C∼ . (1.6)
Due to the unitarity of the correlation operator we can evaluate matrix elements either using un-
correlated operators and correlated states or using correlated operators and uncorrelated states:
〈
Φ
∣∣∣C∼ †A∼C∼
∣∣∣Ψ 〉 = 〈 Φˆ ∣∣∣ A∼
∣∣∣ Ψˆ 〉 = 〈Φ ∣∣∣ Aˆ∼
∣∣∣Ψ 〉 . (1.7)
As the correlation operator C∼ should be unitary and as it should describe two-body correla-
tions we will construct it using a hermitian two-body generator G∼
C∼ = exp
{−iG∼ } . (1.8)
The correlation operator C∼ itself is not a two-body operator, as the repetitive application of the
generator generates operators of increasing order in particle number. If we want to describe
genuine three-body correlations we would have to use a three-body generator G∼ .
The correlated Hamilton operator should posses the same symmetries with respect to global
transformations like translation, rotation, boost as the uncorrelated one. Therefore the generator
can only depend on the relative coordinates and momenta of the two particles and it has to
be a scalar operator with respect to rotations. Furthermore the correlations should fulfill the
cluster decomposition property, that implies that observables of separated subsystems that are
outside the range of the interaction are not affected by correlations between the subsystems.
The correlations therefore have to be of finite range.
Before we look at the explicit form of the generators for central and tensor correlators we
discuss the application of correlated operators in many-body systems, which is performed in
the sense of the cluster expansion.
1.2.1 Cluster Expansion
As the correlation operator C∼ is the exponential of a two-body operator, the correlation operator
itself and correlated operators have irreducible contributions of higher particle orders. The Fock
space representation of the correlated operator Aˆ∼ is given by the cluster expansion
Aˆ∼ = C∼
†A∼C∼ =
∑
i=1
Aˆ∼
[i] , (1.9)
where i denotes the irreducible particle number.
Using an orthonormal one-body basis
{∣∣∣ k 〉 = a∼†k
∣∣∣ 0 〉} we get
Aˆ∼
[1] =
∑
k,k′
〈
k
∣∣∣C∼ †A∼C∼
∣∣∣ k′ 〉 a∼†ka∼k′ =
∑
k,k′
〈
k
∣∣∣ A∼
∣∣∣ k′ 〉 a∼†ka∼k′ (1.10)
Aˆ∼
[2] =
1
4
∑
k1,k2
k′1,k
′
2
a
〈
k1, k2
∣∣∣C∼ †A∼C∼ − Aˆ∼ [1]
∣∣∣ k′1, k′2 〉a a∼†k1a∼†k2a∼k′2a∼k′1 (1.11)
...
Aˆ∼
[n] =
1
(n!)2
∑
k1,...,kn
k′1,...,k
′
n
a
〈
k1, . . . , kn
∣∣∣C∼ †A∼C∼ −
n−1∑
i=1
Aˆ∼
[i]
∣∣∣ k′1, . . . , k′n 〉a a∼†k1 · · · a∼†kn a∼k′n · · · a∼k′1 , (1.12)
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where at each order of the cluster expansion the contributions of the lower particle orders have
to be subtracted.
In practice we would like to restrict the calculations to the two-body level as the three-body
contributions are already very involved. We should therefore use generators G∼ which cause
only small three-body contributions. The importance of three-body contributions will increase
with the range of the correlator and the density of the system.
We will use the notation [
C∼
†A∼C∼
]C2
= Aˆ∼
[1] + Aˆ∼
[2] (1.13)
to indicate the two-body approximation.
1.3 Two-Body System
When we are calculating matrix elements of many-body states in two-body approximation we
have to evaluate matrix elements of correlated operators in one- and two-body space only. In
contrast to Fock space operators which are denoted by uppercase letters (e.g. C∼ ) we will use
lowercase letters for operators in one- or two-body space (e.g. c∼ for the correlation operator in
two-body space).
As the nuclear force does not connect states of different total spin and isospin the eigenstates
of total spin and isospin provide the most convenient basis in these degrees of freedom. The
transformation from the one-body variables with spin three-components χi and isospin three-
components ξi into eigenstates of total spin and isospin is done with the help of Clebsch-Gordan
coefficients
〈
x1χ1ξ1; x2χ2ξ2
∣∣∣Φ 〉 = ∑
S ,MS
C
( 1
2
1
2
χ1 χ2
∣∣∣∣∣∣
S
MS
) ∑
T,MT
C
( 1
2
1
2
ξ1 ξ2
∣∣∣∣∣∣
T
MT
)〈
r xcm; S MS T MT
∣∣∣Φ 〉 .
(1.14)
The distance of the two nucleons r and the center of mass of the two nucleons xcm are given as
r = x1 − x2 , xcm =
1
2
(x1 + x2) . (1.15a,b)
The correlator will only affect the relative and not the center of mass motion of two nucleons.
Concerning the kinetic energy
t∼ = t∼rel + t∼cm (1.16)
we therefore only have to correlate the kinetic energy t∼rel of the relative motion.
Using the relative momentum p
∼
and the total momentum p
∼ cm
p
∼
=
1
2
(p
∼1
− p
∼2
) , p
∼ cm
= p
∼1
+ p
∼2
(1.17a,b)
the kinetic energy of relative and center of mass motion can be written as
t∼rel =
1
m
p
∼
2 , t∼cm =
1
4m
p
∼
2
cm . (1.18a,b)
The orbital angular momentum of the two-body system can also be decomposed into the
orbital angular momentum of the center of mass motion and the orbital angular momentum of
the relative motion
l∼1 + l∼2 = l∼cm + l∼rel (1.19)
with
l∼rel = r∼ × p∼ , l∼cm = x∼cm × p∼ cm . (1.20a,b)
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1.4 Correlated Densities
The short-range central and tensor correlations in the nucleus can be studied best by inspecting
the one- and two-body density matrices. The density matrices of the many-body state
∣∣∣Φ 〉 in
coordinate representation are defined as
ρ(1)(x1χ1ξ1; x′1χ
′
1ξ
′
1) =
〈
Φ
∣∣∣Ψ∼ †χ′1ξ′1(x′1)Ψ∼ χ1ξ1(x1)
∣∣∣Φ 〉 (1.21)
and
ρ(2)(x1χ1ξ1, x2χ2ξ2; x′1χ
′
1ξ
′
1, x
′
2χ
′
2ξ
′
2) =
〈
Φ
∣∣∣Ψ∼ †χ′1ξ′1(x′1)Ψ∼ †χ′2ξ′2(x′2)Ψ∼ χ2ξ2(x2)Ψ∼ χ1ξ1(x1)
∣∣∣Φ 〉 .
(1.22)
The two-body correlations can be visualized best with the help of the two-body density
matrix ρ(2)S MS ,T MT (r) which describes the probability density to find two nucleons at a distance r
in the S ,T channel with spin and isospin orientations MS , MT . The center of mass coordinate
is integrated out.
ρ
(2)
S MS ,T MT
(r) =
∑
χ1,χ2
C
( 1
2
1
2
χ1 χ2
∣∣∣∣∣∣
S
MS
) ∑
ξ1,ξ2
C
( 1
2
1
2
ξ1 ξ2
∣∣∣∣∣∣
T
MT
)
×
∫
d3X ρ(2)(X + 12 rχ1ξ1,X − 12 rχ2ξ2; X + 12 rχ1ξ1,X − 12 rχ2ξ2) (1.23)
The information about the short-range central correlations is contained in the radial dependence
of this two-nucleon correlation function. The tensor correlations manifest themselves by the
angular and the spin dependence.
If ρ(2)S MS ,T MT (r) does not depend on the three-components of spin and isospin we may use the
abbreviation ρ(2)S ,T (r).
As with other operators the density matrices of correlated many-body states
∣∣∣ Φˆ 〉 = C∼
∣∣∣Φ 〉
have to be calculated in the sense of the cluster expansion
ρˆ(1)(x1χ1ξ1; x′1χ
′
1ξ
′
1) =
〈
Φ
∣∣∣C∼ †Ψ∼ †χ′1ξ′1(x′1)Ψ∼ χ1ξ1(x1)C∼
∣∣∣Φ 〉
=
A∑
n=1
〈
Φ
∣∣∣ [C∼ †Ψ∼ †χ′1ξ′1(x′1)Ψ∼ χ1ξ1(x1)C∼
][n] ∣∣∣Φ 〉 , (1.24)
ρˆ(2)(x1χ1ξ1, x2χ2ξ2; x′1χ
′
1ξ
′
1, x
′
2χ
′
2ξ
′
2) =
=
〈
Φ
∣∣∣C∼ †Ψ∼ †χ′1ξ′1(x′1)Ψ∼ †χ′2ξ′2(x′2)Ψ∼ χ2ξ2(x2)Ψ∼ χ1ξ1(x1)C∼
∣∣∣Φ 〉
=
A∑
n=2
〈
Φ
∣∣∣ [C∼ †Ψ∼ †χ′1ξ′1(x′1)Ψ∼ †χ′2ξ′2(x′2)Ψ∼ χ2ξ2(x2)Ψ∼ χ1ξ1(x1)C∼
][n] ∣∣∣Φ 〉 . (1.25)
The expansions will be truncated in the two-body approximation after the second order.
One should notice that density matrices calculated in a truncated cluster expansion fulfill the
reduction property of the exact density matrices
∑
χ2,ξ2
∫
d3x2 ρˆ(2)(x1χ1ξ1, x2χ2ξ2; x′1χ
′
1ξ
′
1, x2χ2ξ2) = (A − 1) ρˆ(1)(x1χ1ξ1; x′1χ′1ξ′1) (1.26)
only approximately. If the truncation at second order is justified, Eq. (1.26) is well approxi-
mated.
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1.4.1 Nucleon Density Distribution and Nucleon Momentum
Distribution
The nucleon density distribution ρ(x) is given by the diagonal part of the one-body density
matrix which has been summed over spin and isospin indices
ρ(1)(x) =
∑
χ,ξ
ρ(1)(xχξ; xχξ) . (1.27)
The nucleon momentum distribution n(p) is given by the Fourier transform of the off-diagonal
matrix elements of the one-body density matrix
n(p) =
∫
d3x1
∫
d3x2
∑
χξ
ρ(1)(x1χξ; x2χξ) eip·(x1−x2) . (1.28)
1.5 Spin-Isospin dependent Correlators
As the nuclear force depends strongly on spin and isospin also the correlations will be distinct
in the different spin and isospin channels. In two-body space we use the ansatz
g
∼
=
∑
S T
g
∼S T
Π∼ S T (1.29)
for a spin-isospin dependent generator with the projectors Π∼ S T on the spin-isospin channels.
Exploiting the projector properties we can rewrite the correlation operator
c∼ = exp
{ − ig
∼
}
=
∑
S T
exp
{−ig
∼S T
}
Π∼ S T , (1.30)
and as the nuclear interaction does not connect the different spin and isospin channels2 we
obtain the correlated potential in two-body space as
vˆ∼ = c∼
†v∼c∼ =
∑
S T
exp
{
ig
∼S T
}
v∼S T exp
{−ig
∼S T
}
Π∼ S T . (1.31)
We have thus the important result that the correlations in the different spin-isospin channels
decouple and the correlation operators can be determined for each spin-isospin channel inde-
pendently.
1.6 Central Correlations
Central correlations within the UCOM framework have already been studied in detail [FNRS98,
Rot00]. In this section we shall only provide a short summary of the ideas and techniques. For
the illustrations we use the Argonne V18 potential (which is identical to the Argonne V8’ po-
tential in the L = 0 channel) in the S ,T = 0, 1 channel where we do not have to deal with
additional complications from tensor correlations.
As with all realistic nuclear forces the Argonne V18 potential has a strong repulsive core
at short distances between the nucleons. The probability density of nucleons in the range of
the core of another nucleon is therefore strongly suppressed and we can observe a correlation
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Figure 1.6: Correlation hole in the 4He two-body density. The Argonne V18 potential in the S ,T =0, 1
channel is plotted on the left hand side. It is strongly repulsive at short distances. On the right hand
side the effect of the repulsion is clearly visible in the correlated two-body density ρˆ(2)0,1, that has to be
compared with the uncorrelated two-body density ρ(2)0,1 of the trial state. The
4He trial state has been
chosen to reproduce the experimental radius of the 4He nucleus.
hole in the two-body density as can be seen in Fig. 1.6 where we already show the correlated
two-body density obtained with the UCOM method.
To describe these short-range correlations we need an operator that shifts the nucleons out
of the range of the repulsive core. As the shift should be radial we use a generator g
∼r
built with
the radial momentum operator p
∼ r
. The strength of the shift has to depend on the distance of the
nucleons. If they find themselves in the range of the core the shift has to be strong and if they
are far away from each other there should be no shift at all. This radial dependence is given by
the shift function s(r). As the generator has to be hermitian we make the ansatz
g
∼r
r⇒ 1
2
{
pr s(r) + s(r)pr
}
. (1.32)
See appendix B.1 for the properties of the radial momentum operator p
∼ r
r⇒ 1i 1r ∂∂r r .
The correlator has to be of finite range for the application in the many-body system in order
not to destroy the cluster decomposition property. The task of the unitary correlation operator is
to introduce the short-range correlations induced by the repulsive core of the interaction in the
many-body state. Possible long range correlations will have to be described by the many-body
trial state and not by the correlation operator. If analyzed in momentum space the correlator
describes the high momentum components of the state while the low momentum part is taken
care of by the model space.
2This is not the case for terms that break charge symmetry and charge independence in the Argonne V18 and
Bonn CD interactions. However we do not consider these terms, which give only minor corrections, in this work.
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Figure 1.7: The correlation function R01+ (r) and
the inverse correlation function R01− (r) for the Ar-
gonne V18 potential in the S ,T =0, 1 channel. 0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Correlation Function R±(r)
For technical reasons it is advantageous to use the correlation functions R+(r) or R−(r) instead
of the shift function s(r). They are related to the shift function by
±1 =
∫ R±(r)
r
dξ
s(ξ)
. (1.33)
For small shifts we have approximately
R±(r) ≈ r ± s(r) . (1.34)
The correlation functions R+(r) or R−(r) for the S ,T =0, 1 channel of the Argonne V18 poten-
tial are displayed in Fig. 1.7. The correlations are strongest in the range up to about 0.5 fm and
extend to about 1.5 fm.
The correlation functions are mutually inverse to each other
R±(R∓(r)) = r , (1.35)
this reflects the unitarity of the correlation operator.
1.6.1 Correlated Wave Function
Using the correlation functions we can give explicit formulas for the wave function of a corre-
lated two-body system
∣∣∣ Φˆ 〉 = c∼r
∣∣∣Φ 〉
〈
X, r
∣∣∣ c∼r
∣∣∣Φ 〉 = R−(r)〈 X,R−(r)rˆ ∣∣∣Φ 〉 (1.36)〈
X, r
∣∣∣ c∼†r
∣∣∣Φ 〉 = R+(r)〈 X,R+(r)rˆ ∣∣∣Φ 〉 . (1.37)
The metric factor
R±(r) =
R±(r)
r
√
R′±(r) , (1.38)
ensures the conservation of the norm. A correlated Gaussian wave function and a correlated
constant wave function are displayed in Fig. 1.8. The correlated wave functions are almost
identical in the range of the repulsive core of the interaction. As the correlations conserve the
norm of the wave function the hole created at short distances has to be compensated by an
enhancement of the wave function further out.
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Figure 1.8: Correlated (dotted) and uncorrelated
(solid) constant wave function and correlated
(dotted) and uncorrelated (solid) Gaussian wave
function. The norm of the wave functions is not
changed by the correlation. 0.0 0.5 1.0 1.5 2.0 2.5 3.0
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1.6.2 Correlated Operators
The calculation of the correlated kinetic energy in two-body approximation results in a one-
and a two-body contribution to the correlated Hamilton operator. The one-body contribution is
again the kinetic energy because the generator g
∼r
is a two-body operator and thus the correlator
c∼ = exp{−ig∼} contains besides the unit operator only two-body or higher terms.
tˆ∼
[1] = c∼
†t∼
[1]c∼ = t∼
[1] (1.39)
For the calculation of the two-body contribution of the correlated kinetic energy we use the
relative and center of mass variables introduced in section 1.3. The kinetic energy in the two-
body system is the sum of the center of mass kinetic energy tcm that is not influenced by the
correlator and the kinetic energy of the relative motion that can be decomposed further in a
radial and an angular part
t∼rel = t∼r + t∼Ω
r⇒ 1
m
p2r +
1
m
l2
r2
. (1.40)
The correlated radial part of the kinetic energy leads to a momentum dependent potential
tˆ∼
[2]
r = c∼
†
r t∼rc∼r − t∼r
r⇒ 1
2
[
p2r
1
2µˆr(r)
+
1
2µˆr(r)
p2r
]
+ uˆ(r) (1.41)
similar to the kinetic energy but with a correlated “radial mass”
1
2µˆr(r)
=
1
m
( 1
R′+(r)2
− 1
)
(1.42)
and an additional local potential3
uˆ(r) =
1
m
(7R′′+(r)2
4R′+(r)4
− R
′′′
+ (r)
2R′+(r)3
)
. (1.43)
The angular part of the correlated kinetic energy
tˆ∼
[2]
Ω
= c∼
†
r t∼Ωc∼r − t∼Ω
r⇒ 1
2µˆΩ(r)
l2
r2
(1.44)
3We use a different representation of the momentum dependent part compared to [FNRS98]. The transformation
rules between different parameterizations are given in appendix B.1.
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Figure 1.9: Radial and angular mass of the correlated kinetic energy on the left, potential part of the
correlated kinetic energy on the right for the Argonne V18 potential in the S ,T =0, 1 channel.
Figure 1.10: The correlated central potential of
the Argonne V18 in the S ,T = 0, 1 channel. The
central correlator weakens the core of the interac-
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has a correlated “angular mass”
1
2µˆΩ(r)
=
1
m
( r2
R+(r)2
− 1
)
. (1.45)
The correlated kinetic energy has interaction components that we also find in the uncorre-
lated Bonn-A interaction, but there “radial mass” and “angular mass” are the same, and the
Argonne V18 interaction (that only has the l2 terms). In Fig. 1.9 the contributions to the corre-
lated kinetic energy of the Argonne V18 interaction are shown.
The correlated central potential vˆ∼
c r⇒ vˆc(r) plotted in Fig. 1.10 is expressed easily as the
uncorrelated potential with a transformed radial dependence
vˆ∼
c = c∼
†
r v∼
cc∼r
r⇒ vc(R+(r)) . (1.46)
Like for the central interaction, the central correlation of spin-orbit v∼
b r⇒ vb(r) l·s and tensor
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potentials v∼
t r⇒ vt(r) s12(rˆ, rˆ) leads only to a transformed radial dependence (p∼ r commutes with
the operators l·s and s12(rˆ, rˆ))
vˆ∼
b = c∼
†
r v∼
bc∼r
r⇒ vb(R+(r)) l·s , (1.47)
vˆ∼
t = c∼
†
r v∼
tc∼r
r⇒ vt(R+(r)) s12(rˆ, rˆ) . (1.48)
This holds also in case of the spin-orbit squared and orbital angular momentum squared poten-
tials
vˆ∼
l2 = c∼
†
r v∼
l2c∼r
r⇒ vl2(R+(r)) l2 , (1.49)
vˆ∼
bb = c∼
†
r v∼
bbc∼r
r⇒ vbb(R+(r)) (l·s)2 . (1.50)
The momentum-dependent potential v∼
p2 occuring in the Bonn potential can be decomposed
into a radial and an angular part
v∼
p2 r⇒ 1
2
[
p2 vp
2
(r) + vp
2
(r) p2
]
=
1
2
[
p2r v
p2(r) + vp
2
(r) p2r
]
+
vp
2
(r)
r2
l2 . (1.51)
The correlated momentum-dependent potential is similar in structure to the correlated kinetic
energy but has an additional term because of the radial dependence of vp
2
(r)
vˆ∼
p2 = c∼
†
r v∼
p2c∼r
r⇒ 1
2
[
p2r
vp
2
(R+(r))
R′+(r)2
+
vp
2
(R+(r))
R′+(r)2
p2r
]
+ vp
2
(R+(r))
(7R′′+(r)2
4R′+(r)4
− R
′′′
+ (r)
2R′+(r)3
)
− vp2 ′(R+(r))
R′′+(r)
R′+(r)2
+
vp
2
(R+(r))
R+(r)2
l2 .
(1.52)
1.6.3 Choice of Correlator
Up to now we have discussed the technical aspects of the central correlations but we have not
yet addressed the question of how to determine the correlation operator c∼ or the equivalent
correlation function R+(r).
In principle there are two ways to fix the correlator. The first idea defines the correlation
operator as a mapping from a trial state to an exact solution in the two-body system. The
second idea is to treat the correlation operator as an additional degree of freedom in the Ritz
variational principle. This variation can be done in the two- or in the many-body system. In
the following we will present these possibilities in detail.
Mapping to the Zero Energy Scattering Solution
In the two-body system we can define an “optimal” correlator that maps a chosen trial state∣∣∣ϕ 〉 onto an exact solution of the Hamiltonian H∼
∣∣∣ψ 〉 = E∣∣∣ψ 〉
∣∣∣ψ 〉 = c∼
∣∣∣ϕ 〉 . (1.53)
The exact state
∣∣∣ψ 〉 can be a bound state or scattering state. Our choice is the zero energy
scattering state because the correlator will be applied in nuclear structure calculations where
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typical relative momenta are in the range of the Fermi momentum kF = 1.4 fm−1 which corre-
sponds to a wave length much larger than the typical core radius. Therefore the trial state does
not contain the high momenta that correspond to the momentum transfers of the repulsive core.
These high momentum components should be induced by the correlation operator. In other
words: the correlator describes the short range behavior of the relative wave function while the
low momentum or long range part has to be described by the trial state.
If we have repulsive and attractive components of the interaction in the respective channel
we get a natural separation of scales. The probability density of the uncorrelated state has to be
shifted from the repulsive region of the potential to the attractive domain of the potential. The
balance of repulsion and attraction allows us to find a separation point λ where the conditions
R−(λ) = λ and R′−(λ) = 1 . (1.54a,b)
are fulfilled. This implies that at the distance r = λ the correlation function R+(r) can be
continued smoothly with R+(r)=r without correlations beyond the separation point λ.
As trial functions we can use a constant function
ϕconst(r) =
√
N (1.55)
where the normalization constant N is varied to fulfill the separation condition Eq. (1.54a,b)
or a Gaussian trial function that is matched at a point ρ with the asymptotic solution of the
zero-energy scattering problem (with the scattering length a). The Gaussian parameters α and
κ are fixed by matching ϕgauss(r) and its derivative at ρ
ϕgauss(r) =

α exp
{
− r22κ
}
r < ρ
1
r (r − a) r > ρ .
(1.56)
Here ρ is varied to fulfill the separation condition Eq. (1.54a,b).
The result of this procedure is displayed on the left hand side of Fig. 1.11. The correlation
functions are defined by mapping the constant wave function ϕconst(r) and the Gaussian wave
function ϕgauss(r) onto the scattering solution ψzero(r). The norm of the wave function of the
exact solution and the uncorrelated constant or Gaussian wave functions are identical up to the
respective separation points λ.
We obtain the correlation functions R−(r) and R+(r) by solving the Eqs. (1.36-1.37). Using
radial wave functions we get the differential equations
√
R′+(r) ψzero(R+(r)) = ϕ(r) , (1.57)
√
R′−(r) ϕ(R−(r)) = ψzero(r) . (1.58)
Because of the separation condition Eq. (1.54a,b) we can safely define the correlation func-
tions for r > λ as
R+(r) = R−(r) ≡ r , (1.59)
so that the trial function is unchanged beyond the separation point. The two correlation func-
tions R+(r) resulting from the constant and the Gaussian trial wave function are shown in
Fig. 1.11. They are very similar at short distances or high momenta where ψzero(r) varies
rapidly. The trial wave functions ϕconst(r) and ϕgauss(r) differ only slightly in this region.
In purely repulsive interaction channels we cannot define a unique separation point as de-
scribed above. We can obtain a correlator by using a trial function which has the correct
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Figure 1.11: Determination of the central correlator for the S ,T = 1, 0 channel of the Argonne V18
interaction by mapping a constant ϕconst(r) and a Gaussian trial function ϕgauss(r) onto the zero-energy
scattering solution ψzero(r). The respective separation points λ are indicated by dots. The resulting
correlation function are shown on the right. Beyond the separation points λ the correlation function will
be continued as R+(r) = r.
asymptotic behavior of the scattering solution. This corresponds to the idea that the correlator
should be responsible for short range but not for long range correlations. However this pro-
cedure does not define the matching point between the asymptotic and the short-range part of
the trial wave function. By moving the matching point the correlation range is changed. Af-
ter all the allowed correlation range has to be determined in the many-body system. We want
the three- and higher-body contributions to be small and therefore prefer correlators of shorter
range.
Minimizing the Energy in the Two-Body System
Another possibility to determine the correlator is to minimize the energy in the two-body sys-
tem. If one regards c∼
∣∣∣ϕ 〉 as a variational ansatz for the ground state, both ∣∣∣ϕ 〉 and the shape
of the correlator c∼ can be varied. Again we demand that the correlator c∼ is responsible for the
short range part while
∣∣∣ϕ 〉 should represent the long range part. The choice of ∣∣∣ϕ 〉 depends of
course on the system under study.
If we assume that in the even channels the two-body density is almost constant in the range
of the core or quadratic in the odd channels, trial functions
ϕeven(r) = const (1.60)
in the even and because of orbital angular momentum L=1
ϕodd(r) = const · r (1.61)
in the odd channels are a good choice for small r.
We shall determine two-body minimized correlators using these trial states. In channels
with a bound state the energy minimum is achieved with a correlator of finite range. Because
of the restriction imposed by the parameterization of the correlation function we will even
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find a minimum if the attraction is not strong enough to establish a bound state. In purely
repulsive channels a correlator that minimizes the energy will shift the nucleons as far outwards
as possible because this lowers the energy to zero, the lowest possible energy. But as the
correlator should only describe the short range behavior we impose an additional restriction on
the correlation range in order to keep the three-body contributions in the many-body system
small.
Minimizing the Energy in the Many-Body System
From the perspective of the variational principle the correlator should be treated as an additional
degree of freedom in the many-body trial state. The expectation value of the Hamiltonian
E =
〈
Φ
∣∣∣C∼ †H∼ C∼
∣∣∣Φ 〉 (1.62)
calculated with the variational ansatz C∼
∣∣∣Φ 〉 is then minimized with respect to the shape of C∼ for
the short range and with respect to the degrees of freedom in the antisymmetrized many-body
state
∣∣∣Φ 〉, usually a Slater determinant or a superposition of determinants, relating to the long
range properties. The optimal correlator is obtained in this sense by simultaneous variation
of the parameters of the uncorrelated many-body state and the correlator. This simultaneous
variation with respect to correlators and many-body trial state is in practice only possible if an
analytic expression for the Hamiltonian is known and the uncorrelated trial state depends only
on a small number of parameters. We will use shell model states for 4He, 16O and 40Ca, where
the Hamiltonian can be evaluated analytically with the help of the Talmi transformation and
where the uncorrelated many-body state depends only on the oscillator parameter, to perform
this minimization.
We face the problem that for the calculation of the energy we have to use a truncation of
the cluster expansion and hence the Ritz variational principle is only approximately fulfilled,
the exact ground state energy is no longer a rigorous lower limit. It has to be checked that the
range of the correlator is short enough so that the omission of the higher-order contributions is
justified.
Our studies show that the use of many-body optimized correlators provide a clear improve-
ment only for very light nuclei like 4He. The heavier nuclei like 16O and 40Ca have a smooth
density distribution and the uncorrelated two-body density is almost constant in the even chan-
nels or quadratic in the odd channels at short distances r ≤ 1 fm between the nucleons, as can
be seen in Fig. 1.12. The correlators determined in the two-body system using constant trial
functions in the even and linear trial functions in the odd channels are then almost identical to
the many-body optimized correlators.
1.6.4 Parameterization of the Correlation Function
For technical reasons it is advantageous to work with parameterizations of the correlation func-
tions. The parameterization has to be flexible enough to represent the correlators determined
for example by the zero energy scattering solution. We usually use the parameterization
R+(r) = r + α
(
r
β
)η
exp
{
− exp
{ r
β
}}
(1.63)
where the range of the correlation function can be tuned with the parameter β. The behavior
close to the origin is determined by the parameter η and α governs the overall strength of the
correlation function.
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Figure 1.12: Two-body distribution functions for shell model states in odd and even channels. The
width of the oscillator basis has been adjusted to the experimental radii. The densities are normalized to
identity by dividing the two-body densities by the number of pairs in the respective channels.
For the correlation functions in purely repulsive odd channels we use another parameteriza-
tion with an exponential decay at large distances
R+(r) = r + αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
− r
β
}
. (1.64)
If we restrict the correlation range in these channels a variation of the above parameterization
with a double exponential tail is used
R+(r) = r + αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
− exp
{ r
β
}}
. (1.65)
The parameter η is an integer for these parameterizations.
The correlation functions determined from the scattering solutions will be fitted with the
above parameterizations. The energy minimized correlation functions are obtained by mini-
mizing the energy with respect to the parameters of the parameterizations.
All correlation functions appearing in this work are given in appendix D.
UCOM and Jastrow Correlators Compared
It is illustrative to compare the UCOM method with the well known Jastrow correlation func-
tions. The correlated wave function is obtained in the Jastrow method by multiplying the
uncorrelated relative wave function in the two-body system ϕ(r) by a correlation function f (r).
The correlated wave function obtained in this manner is of course no longer normalized. In
order to construct the equivalent UCOM correlation function R−(r) or R+(r) to a given Jastrow
correlation function we have to renormalize the Jastrow wave function explicitly
〈
r
∣∣∣ c∼
∣∣∣ϕ 〉 = R−(r)
r
√
R′−(r)ϕ(R−(r))
!
=
f (r)ϕ(r)∫
dr r2 f 2(r)ϕ2(r)
. (1.66)
The result of this procedure for a typical Jastrow correlation function using a Gaussian as
uncorrelated wave function is shown in Fig. 1.13 together with the UCOM correlation function
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Figure 1.13: Correlation functions for the MTV
potential. RJastrow+ corresponds to the Jastrow cor-
relation function, RUCOM+ is the correlation func-
tion obtained with the UCOM method. Contrary
to the UCOM correlation function the Jastrow
correlation is not of finite range. This is the re-
sult of the non-unitarity which necessarily leads
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for the same system. The need for an explicit renormalization of the Jastrow wave function
means that the Jastrow correlation is in principle of infinite range despite a finite healing length
of the correlation function f(r). The unitary correlator conserves the norm of the correlated
state and therefore allows us to used the two-body approximation for low enough densities.
1.7 Many-Body Calculations
Many-body calculations are performed using Slater determinants and the correlated interaction
Hˆ∼
C2 in two-body approximation as explained in section 1.2.1.
In the case of the doubly magic nuclei 4He, 16O and 40Ca the harmonic oscillator shell model
states with fully occupied shells provide a very good trial state for the uncorrelated many-body
state
∣∣∣ 4He 〉 = ∣∣∣ (1s)4 〉 (1.67)∣∣∣ 16O 〉 = ∣∣∣ (1s)4(1p)12 〉 (1.68)∣∣∣ 40Ca 〉 = ∣∣∣ (1s)4(1p)12(2s)4(1d)20 〉 . (1.69)
The explicit form of the harmonic oscillator single particle wave functions
φanlm(r) =
Rnl(a)(r)
r
Y lm(rˆ) (1.70)
is given by Eq. (C.1).
The only free parameter of these many-body states is the oscillator parameter a that is related
to the uncorrelated radii of the nuclei, see appendix C.3.
The expectation value of the Hamilton operator in two-body approximation involves one-
and two-body matrix elements that are summed over all occupied harmonic oscillator states
〈
Hˆ∼
C2 〉 = ∑
nlmξχ
〈
nlmχξ
∣∣∣ hˆ∼ [1]
∣∣∣ nlmχξ 〉
+
1
2
∑
n1l1m1ξ1χ1
n2l2m2ξ2χ2
〈
n1l1m1ξ1χ1; n2l2m2ξ2χ2
∣∣∣ hˆ∼ [2]
∣∣∣ n1l1m1ξ1χ1; n2l2m2ξ2χ2 〉a . (1.71)
26
1.7 · Many-Body Calculations
The harmonic oscillator basis has the unique property that the relative and center of mass
motion of a two-body state can be separated
φan1l1m1(r1)φ
a
n2l2m2(r2) =
∑
NLMnlm
〈
n1l1m1
n2l2m2
∣∣∣∣∣∣∣
NLM
nlm
〉
φ
a/2
NLM(R) φ
2a
nlm(r) . (1.72)
With the help of this so called Talmi transformation (see appendix C) we can simplify the
evaluation of the two-body matrix elements significantly and gain explicit expressions for the
expectation value of two-body operators.
In the case of 4He we get for example
〈 4He ∣∣∣ Hˆ∼ [2]
∣∣∣ 4He 〉 =∑
MT
〈
1; (00)00, 1MT
∣∣∣ hˆ∼ [2]
∣∣∣ 1; (00)00, 1MT 〉
+
∑
M
〈
1; (01)1M, 00
∣∣∣ hˆ∼ [2]
∣∣∣ 1; (01)1M, 00 〉 , (1.73)
The matrix elements do not depend on the M and MT quantum numbers and we can write the
4He expectation value as
〈 4He ∣∣∣ Hˆ∼ [2]
∣∣∣ 4He 〉 = 3〈 1; (00)0, 1 ∣∣∣ hˆ∼ [2]
∣∣∣ 1; (00)0, 1 〉+ 3〈 1; (01)1, 0 ∣∣∣ hˆ∼ [2]
∣∣∣ 1; (01)1, 0 〉 . (1.74)
The relative wave functions of the two-body states
∣∣∣ n; (LS )JM,T MT 〉
〈
r
∣∣∣ n; (LS )JM,T MT 〉 = ∑
ML,MS
C
(
L S
ML MS
∣∣∣∣∣∣
J
M
)
φ2anLML(r) ⊗
∣∣∣ S MS 〉 ⊗ ∣∣∣ T, MT 〉 (1.75)
are harmonic oscillator wave functions with twice the variance of the single-particle states in
coordinate space.
Explicit expressions for expectation values of two-body operators in 16O and 40Ca are given
in appendix C.2.
1.7.1 Malfliet-Tjon V Potential
The Malfliet Tjon V potential [MT69] is a central potential independent of spin and isospin.
It has been used as a test case for spin and isospin independent correlations. Although we do
not regard it as a physical meaningful nuclear interaction we take it as a first benchmark for
the unitary correlation operator as several calculations are available in the literature to compare
with.
Following our prescription we get the correlation functions displayed in Fig. 1.14. Rzero+ (r)
is the correlation function obtained by mapping a Gaussian trial wave function onto the zero-
energy scattering solution in the even channels with L = 0. The correlation function Rmin+ (r)
is obtained by minimizing the energy in the two-body system with a constant trial function.
Finally R
4He
+ (r) is the energy minimized correlation function for the
4He nucleus in two-body
approximation and with a harmonic oscillator trial wave function whose width has been fixed
to reproduce the radius obtained in the GFMC calculation. The parameters for all correlation
functions are given in appendix D.2.
The distinct correlation functions have a similar radial dependence, the 4He optimized cor-
relator being a little bit stronger than the other two. The results of the 4He and 16O many-body
calculations with these correlation functions are shown in Fig. 1.15 where the binding energy
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Figure 1.14: Correlation functions for the MTV
potential. Rzero+ is derived from the zero energy
scattering solution. Rmin+ is obtained by minimiz-
ing the energy in the two-body system with a con-
stant trial function and R
4He
+ is the result of mini-
mizing the 4He energy using a harmonic oscilla-
tor shell model state whose width is fixed to the
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Figure 1.15: Binding energy versus radius rrms for 4He on the left and 16O on the right hand side
obtained with the MTV potential. Three different correlators have been used. Reference results for the
GFMC, TICI2 and SDJ methods are shown for 4He and GFMC, DMC and TICI2 results for 16O.
is plotted as a function of rrms radius. The same correlation function is used in both the odd
channels and the even channels. The UCOM results agree very well with results from Green’s
Function Monte Carlo calculations (GFMC) [HZ85], the TICI2 method [GMN+96], HNC cal-
culations using state dependent Jastrow correlations (SDJ) [GP98], and a Diffusion Monte
Carlo calculation (DMC) [CK93]. This is very encouraging when we consider the simplicity
of our trial state.
The best binding in 4He is achieved, as expected, with the correlator optimized for this spe-
cific nucleus though the differences are rather small. The fact that the 4He optimized correlator
gives the largest binding energy also in 16O is an artifact of the MTV interaction. Because of the
absence of repulsion in the odd channels the radius of the 16O nucleus is even smaller than that
of the 4He nucleus. This small radius corresponds to an extremely high density. The fact that
our binding energies seem to be reasonable even at these extreme high densities strengthens
our believe in the validity of the two-body approximation.
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1.7.2 Modified Afnan-Tang S3 Potential
The modified Afnan-Tang S3 (ATS3M) potential [GFMP81] is a central nucleon-nucleon in-
teraction with spin and isospin dependence but without tensor interactions and spin-orbit inter-
actions and it is considered as a benchmark for central state-dependent correlators.
The correlators obtained in the even channels are shown in Fig. 1.16, the correlator for the
odd channels – the ATS3M potential is equal in both odd channels – is shown in Fig. 1.17.
The parameterizations for all correlation functions are given in appendix D.3. Whereas the
correlation functions in the even channels are similar to the MTV correlation functions, the
ATS3M potential is purely repulsive in the odd channels and the correlator determined from
the zero-energy scattering solution has a very long range. Three other correlators have been
obtained by minimizing the energy in the two-body system with constraints
∫
dr r2 (R+(r) − r) !=

0.1 fm3 ; α
0.2 fm3 ; β
0.5 fm3 ; γ
(1.76)
on the correlation range.
In Fig. 1.18 we show the result of out 4He calculations. As the odd channel of the interaction
does not contribute to the 4He binding energy in two-body approximation the results depend
only on the correlation functions in the even channels. The strongest binding is of course
obtained using the 4He optimized correlator. For reference the results of the Stochastic Varia-
tional Method (SVM) [VS95], the TICI2 method [GMN+96] and HNC calculations using state
dependent Jastrow correlations (SDJ) [GP98] are shown. Again the agreement is astonishingly
good considering the simplicity of our approach.
The results for the 16O and 40Ca nuclei are shown in Fig. 1.19. In the even channels we
use the correlation functions Rmin+ (r) minimized in the two-body system. In contrast to the
4He nucleus the many-body optimal correlators give almost no improvement in the binding
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Figure 1.16: The correlation functions in S ,T =0, 1 (left hand side) and S ,T =1, 0 channels (right hand
side) for the ATS3M potential. Rzero+ is derived from the zero energy scattering solution. Rmin+ is obtained
by minimizing the energy in the two-body system with a constant trial function and R
4He
+ is the result of
minimizing the 4He energy using a harmonic oscillator shell model state.
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Figure 1.17: Correlation functions in the odd
channels for the ATS3M interaction. Rzero+ is de-
rived from the zero energy scattering solution.
The three other correlation functions are obtained
by minimizing the energy in the two-body system
with a linear trial function and restricted correla-
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energy. In the odd channels the correlation function determined from the zero-energy scattering
solution and the three correlators obtained by minimizing the energy in the two-body system
and a restriction on the correlation range are used. The influence of the correlation range on the
binding energy is clearly visible. The correlator determined from the zero-energy scattering
solution apparently gives too much binding. Considering the extremely long range of this
correlator we do not believe in the validity of the two-body approximation. The results with the
three other correlators of restricted range demonstrate the uncertainty in our correlator choice.
To become more selective the explicit evaluation of the three-body contributions would be
necessary.4
For comparison the results of Brueckner-Hartree-Fock (BHF) calculations [GFMP81], the
TICI2 method [GMN+96] and Correlated Basis Function calculations CBFa, CBFb [CFFdS96],
and CBFc [FdSCF98] are shown in Fig. 1.18 and Fig. 1.19. Unfortunately we cannot reliably
use the reference calculations as a fix point in our considerations as they differ strongly from
each other.
The CBF results clearly display uncertainties stemming from different choices of the param-
eterization of the correlation functions and the trial state. The CBF calculations have not been
minimized with respect to the radius but used fixed single-particle states (Woods-Saxon for
CBFa, CBFb and harmonic oscillator for CBFc). The CBFa and CBFb calculations differ by
the choice of the Jastrow correlation functions, CBFa uses Euler correlation functions deter-
mined from the two-body problem, CBFb uses a Gaussian parameterization of the correlation
function.
4The dependence of the binding energy on the correlation range in the odd channels is less pronounced in case
of realistic interactions. In the S ,T =0, 0 channel the repulsion of these interactions is similarly strong as with the
ATS3M potential, but in the S ,T = 1, 1 channel, which appears with a nine times higher weight, the repulsion is
much weaker.
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Figure 1.18: Binding energy for the 4He nucleus
versus the rrms radius. Correlation functions deter-
mined from the scattering solutions zero, obtained
by minimizing the energy in the two-body system
with a constant trial function min and by mini-
mizing the 4He energy with a harmonic oscillator
shell model state are used. Results of reference
calculations for the TICI2, SVM and SDJ meth-
ods are shown.
Figure 1.19: Binding energy versus radius rrms for 16O (left hand side) and 40Ca (right hand side)
obtained with the ATS3M potential. In the even channels the correlator derived by minimizing the
energy in the two-body system with a constant trial function is used. In the odd channels the correlated
obtained from the zero-energy scattering solution and three different correlators with constraints on the
correlation range are used. Reference results for the BHF, TICI2 and CBF calculations are shown.
1.8 Tensor Correlations
All realistic nucleon-nucleon interactions possess a strong tensor force that is mainly due to the
exchange of pions. It operates only in the S =1 channels and induces there a strong correlation
between the spatial orientation of the nucleons and the orientation of their spins. The tensor
force is crucial for a successful description of the nucleus, without the tensor force nuclei are
not bound.
To get a basic understanding of this correlation between the spins and the relative orientation
of the nucleons one can investigate a system of two magnets. The dipole-dipole interaction
between two magnets has the same structure as the tensor force. The magnets will align their
orientations and therefore their spin along the distance vector as illustrated in Fig. 1.20.
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Figure 1.20: The dipole-dipole interaction be-
tween two magnets causes a correlation between
the positions of the magnets and their orientation.
In this picture the orientation of the magnet in the
center is fixed. The second magnet will adjust its
orientation according to its position.
Moving a magnet to a different position will also result in a reorientation of the magnets and
therefore the spins. In the case of the nucleons basically the same will happen but now we
have to consider also the kinetic energy of the zero-point motion of the two-body system – the
system will adjust itself in such a way that the sum of the potential energy, which favors a total
alignment, and the kinetic energy, which prefers a smooth wave function, is minimal.
A single Slater determinant, where the spin direction of a single particle state depends at
most on the position ri and not on the relative coordinate ri j = ri − r j of two nucleons, cannot
reflect the correlations between spins and relative orientation of the nucleons. We face a simi-
lar problem as with the short-range correlations. A single Slater determinant does not have the
proper degrees of freedom needed for the description of the physical system. Since the Slater
determinants form a complete basis the appropriate state can always be written as a superposi-
tion of determinants. One needs however a huge number of those for a successful description.
For example in second order perturbation theory the tensor interaction scatters to intermediate
states with energies of about 300 MeV which would mean that about 30~ω excitations have to
be included in shell model calculations [Bro71].
Our aim is, as with the short-range correlations, to include the tensor correlations into the
many-body state by means of a unitary correlation operator.
1.8.1 Deuteron Tensor Correlator
For the repulsive core the unitary correlation operator performs a radial shift. In the case of the
tensor correlator the form of the generator is not as obvious because one needs to correlate the
spins of the nucleons with the relative orientation of the nucleons.
The tensor correlations can be studied explicitly in case of the deuteron, where the known
exact solution has a d-wave admixture because of the tensor force. We thus make the ansatz
〈
r
∣∣∣ dˆ 〉 = uˆ(r)
r
∣∣∣ (01)1 〉 + wˆ(r)
r
∣∣∣ (21)1 〉 (1.77)
for the correlated deuteron wave function. Here r denotes the distance between proton and
neutron and
∣∣∣ (LS )J 〉 a basis for the angular and spin part of the state.
The Schrödinger equation with this ansatz gives the Rarita-Schwinger equations which we
solve by diagonalizing the Hamiltonian on a grid in coordinate space. The deuteron wave
functions for the Bonn-A and Argonne V18 interaction are shown in Fig. 1.21.
The correlation between spins and relative orientation of the nucleons is observable in the
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Figure 1.21: The deuteron wave function. Plotted are uˆ(r)r and
wˆ(r)
r for the Bonn-A (left) and the
Argonne V18 (right) interaction. There is a noticeable difference in the d-wave admixture, the Ar-
gonne V18 interaction has stronger tensor correlations. The behavior of the wave function at the origin
shows a larger correlation hole caused by the stronger repulsive core of the Argonne V18 as compared
to that of the Bonn-A interaction.
d-wave component, where the orbital angular momentum L= 2 is coupled with the spin S = 1
to the total angular momentum J=1.
To define our unitary tensor correlator we start with an ansatz
∣∣∣ d 〉 for the uncorrelated
deuteron state that has only a L=0 component.
〈
r
∣∣∣ d 〉 = u(r)
r
∣∣∣ (01)1 〉 (1.78)
The L=2 component of the correlated deuteron state has to be generated by the tensor correlator
c∼Ω that maps
∣∣∣ d 〉 onto the exact solution ∣∣∣ dˆ 〉
∣∣∣ dˆ 〉 = c∼Ω
∣∣∣ d 〉 = exp{−ig
∼Ω
}
∣∣∣ d 〉 . (1.79)
The generator g
∼Ω
has to be a scalar operator as the total angular momentum J is not changed.
In coordinate space it has to be a tensor operator of rank two, there is no other possibility to
connect L=0 with L=2 states. If it is of rank two in coordinate space it also has to be of rank
two in spin space. In the two-body spin space there is only one operator of rank two so there
is no freedom left. We restrict the coordinate space part of the generator by demanding that
the correlator should make shifts perpendicular to the relative orientation of the nucleons only.
Radial shifts are already treated by the central correlator.
In order to achieve shifts perpendicular to the relative orientation we decompose the momen-
tum operator
p
∼
= p
∼ r
+ p
∼Ω
(1.80)
in the radial momentum
p
∼ r
r⇒ r
r
pr =
r
r
1
i
(1
r
+
∂
∂r
)
(1.81)
and the remaining part,
p
∼Ω
r⇒ 1
2r
(
l × r
r
− r
r
× l
)
(1.82)
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s12(r,pΩ)
∣∣∣ (11)0 〉 ∣∣∣ (01)1 〉 ∣∣∣ (11)1 〉 ∣∣∣ (21)1 〉 ∣∣∣ (11)2 〉 ∣∣∣ (21)2 〉 ∣∣∣ (31)2 〉
〈
(11)0
∣∣∣ 0 0 0 0 0 0 0
〈
(01)1
∣∣∣ 0 0 0 −3i√2 0 0 0〈
(11)1
∣∣∣ 0 0 0 0 0 0 0〈
(21)1
∣∣∣ 0 3i√2 0 0 0 0 0
〈
(11)2
∣∣∣ 0 0 0 0 0 0 −3i√6〈
(21)2
∣∣∣ 0 0 0 0 0 0 0〈
(31)2
∣∣∣ 0 0 0 0 3i√6 0 0
Table 1.1: Matrixelements of s12(r,pΩ) in angular momentum eigenstates
∣∣∣ (LS )J 〉.
which we call orbital momentum. It should not be confused with the orbital angular momentum
l∼. Both p∼ r and p∼Ω are Hermitian. We have summarized some properties of these operators in
appendix B.2.
With the orbital momentum operator we define the generator g
∼Ω
g
∼Ω
r⇒ ϑ(r)s12(r,pΩ)
= ϑ(r)
(3
2
(σ1 ·pΩ)(σ2 ·r) +
3
2
(σ1 ·r)(σ2 ·pΩ) − (σ1 ·σ2)
1
2
(pΩ ·r + r·pΩ)
)
.
(1.83)
This operator has indeed all the required properties. It is a scalar operator of rank two in
coordinate and spin-space and does not shift the relative wave function radially. The strength
of the tensor correlation can be adjusted with the tensor correlation function ϑ(r) for each
distance r independently. Like the correlation function R+(r) in the case of central correlations
ϑ(r) will depend on the potential and on the system under investigation.
It is very illustrative to look at the generator g
∼Ω
in angular momentum representation. The
angular and spin dependence of g
∼Ω
is contained in the s12(r,pΩ) operator. Its matrix elements5
in the lowest angular momentum states are displayed in Tab. 1.1. We notice that all diagonal
matrix elements are zero. The operator s12(r,pΩ) and therefore also the generator g∼Ω only
connects states with L − L′ = ±2 and the same total angular momentum J.
Using these matrix elements we can immediately write the correlated deuteron wave function
as 〈
r
∣∣∣ c∼Ω
∣∣∣ d 〉 = cos (3√2ϑ(r)) u(r)
r
∣∣∣ (01)1 〉 + sin (3√2ϑ(r)) u(r)
r
∣∣∣ (21)1 〉 . (1.84)
We compare this to the exact deuteron solution Eq. (1.77) and find the deuteron correlation
function
ϑd(r) =
1
3
√
2
arctan
wˆ(r)
uˆ(r)
. (1.85)
The deuteron correlation functions for the Bonn-A and the Argonne V18 potential are shown
in Fig. 1.22.
5The calculation of the matrix elements is outlined in appendix B.4.
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Figure 1.22: The deuteron correlation functions
ϑd(r) for the Bonn-A and Argonne V18 interac-
tions. The correlations are stronger in case of the
Argonne V18 interaction at short distances and
show a different behavior for r → 0. 2 4 6 8 10
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The uncorrelated deuteron trial state Eq. (1.78) has no L=2 admixture. Thus the “optimal”
deuteron correlator which maps the trial state onto the exact deuteron solution has to generate
the entire radial wave function wˆ(r). It is therefore very long ranged and will induce three-
and higher-body correlations in many-body states. In order to avoid the higher-body terms one
should not put all responsibility for creating long-ranged or low-momentum L= 2 admixtures
on the correlator, but should include those into the degrees of freedom of the uncorrelated
many-body trial state. Only the short-range or high-momentum part of the tensor correlations
should be taken care of by the correlator C∼ Ω. Such a correlator can be used efficiently in many-
body calculations because the two-body approximation is valid when the correlation range is
short enough.
Nevertheless the tensor correlations seem to be very strong up to 3 − 4 fm. The question
whether we can describe the essential part of the tensor correlations with a tensor correlation
operator of restricted range has to be checked in many-body systems.
1.8.2 Correlations in the Deuteron Wave Function
The tensor correlations can be studied particularly easy for the deuteron. The two-body distri-
bution function ρ(2)1MS (r) defined in Eq. (1.23), where we omit the isospin indices, is calculated
easily. We are only interested in the intrinsic correlations and therefore calculate the two-body
distribution function in a superposition of all spatial orientations 6
ρ
(2)
1MS
(r) =
1
3
1∑
M=−1
∣∣∣〈 r, S = 1, MS ∣∣∣ dˆ, 1M 〉∣∣∣2 . (1.86)
With the deuteron wave function Eq. (1.77) this equates to
ρ
(2)
1MS
(r) =
1
3
[ uˆ2(r)
r2
Y?00(rˆ)Y00(rˆ) + 2
uˆ(r)wˆ(r)
r2
C
(
2 1
0 MS
∣∣∣∣∣∣
1
MS
)
Re
{
Y?00(rˆ)Y20(rˆ)
}
+
wˆ2(r)
r2
1∑
M=−1
C
(
2 1
M−MS MS
∣∣∣∣∣∣
1
M
)2
Y?2(M−MS )(rˆ)Y2(M−MS )(rˆ)
]
. (1.87)
6Otherwise the two-body distribution function would depend on the orientation of the deuteron in space.
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Figure 1.23: Deuteron two-body density as a function of the orientation in coordinate and spin-space
for the Bonn-A interaction (left hand side) and the Argonne V18 interaction (right hand side).
Figure 1.24: Surfaces of constant density in the deuteron (ρ(2)1MS = 0.005fm
−3) for MS = ±1 on the left
and MS = 0 on the right. The plots are done for the Argonne V18 interaction.
The deuteron two-body densities for the Bonn-A and the Argonne V18 interactions are
shown in Fig. 1.23. The strong attraction of the tensor force in the deuteron causes an align-
ment of the nucleons along the spin orientation. Perhaps more illustrative is Fig. 1.24 where
isodensity surfaces for different orientations of the total spin are shown. The famous dumbbell
(MS =±1) and donut shapes (MS =0) make clearly visible the effect of the core (the correlation
hole in the two-body density) and the tensor force (the alignment of density with the spin).
1.8.3 Combination of Central and Tensor Correlations
In the discussion of the tensor correlations in the deuteron the central correlations have not
been considered explicitly. The central correlations already had been built into the “tensor-
uncorrelated” state
∣∣∣ d 〉.
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In a many-body calculation we start with a many-body state
∣∣∣Ψ 〉 which is uncorrelated with
respect to both central and tensor correlations. The correlated many-body state is then defined
as ∣∣∣ Ψˆ 〉 = C∼
∣∣∣Ψ 〉 = C∼ ΩC∼ r
∣∣∣Ψ 〉 , (1.88)
where the central correlator is applied first, followed by the tensor correlator. In the spirit
of the variational principle the best approximation to the true ground state is achieved by a
simultaneous variation of the central and the tensor correlator. We assume that the central and
tensor correlators can be determined independently as they act within different domains. The
central correlator has to describe the effects of the short-range repulsion in the interaction by
means of a radial shift, while the tensor correlator generates correlations between the spins and
the relative orientation of the nucleons by means of tangential shifts.
Two-Body Matrix Elements
For the evaluation of centrally correlated two-body matrix elements it is more convenient to
work with correlated operators rather than with correlated states. Therefore we make use of the
unitarity of the central correlation operator c∼r in the two-body system and evaluate correlated
two-body matrix elements as
〈
φ
∣∣∣ c∼†r c∼†Ωa∼c∼Ωc∼r
∣∣∣ψ 〉 = 〈 φ ∣∣∣ (c∼†r c∼†Ωc∼r )(c∼†r a∼c∼r )(c∼†r c∼Ωc∼r )
∣∣∣ψ 〉
=
〈
φ
∣∣∣ (c∼†r c∼Ωc∼r )†(c∼†r a∼c∼r )(c∼†r c∼Ωc∼r )
∣∣∣ψ 〉 . (1.89)
Using this trick centrally correlated operators c∼
†
r a∼c∼r can be used in tensor correlated states
which are uncorrelated with respect to the short-range repulsion. The centrally correlated tensor
correlator
c∼
†
r c∼Ωc∼r
r⇒ c∼
†
r exp
{−iϑ(r)s12(r,pΩ)}c∼r
= exp
{−ic∼†rϑ(r)c∼r s12(r,pΩ)}
= exp
{−iϑ(R+(r))s12(r,pΩ)}
(1.90)
differs only by a transformed radial dependence of the tensor correlation function ϑ(r). The
technical advantage of unitary correlations is quite obvious in this example.
For the sake of convenience we introduce a shorthand notation for the matrix elements of the
generator g
∼Ω
θ
(J)
L′,L(r) ≡
1
i
〈
(L′1)J
∣∣∣ g
∼Ω
∣∣∣ (L1)J 〉 = ϑ(r) 〈 (L′1)J ∣∣∣ 1
i
s12(r,pΩ)
∣∣∣ (L1)J 〉 . (1.91)
s12(r,pΩ) connects only states with S =1 and the same J. In addition we must have |L′ − L|=2
with L′= J − 1 and L= J + 1 or vice versa. Therefore we can simplify our notation even further
θ(J)(r) ≡ θ(J)J+1,J−1(r) = −θ
(J)
J−1,J+1(r) . (1.92)
1.8.4 Tensor Correlations in Angular Momentum Eigenstates
The action of the tensor correlator can be evaluated explicitly in two-body angular momentum
eigenstates
∣∣∣ (LS )J 〉 that are used for example in shell model calculations.
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As the generator g
∼Ω
does only connect states L=±1 with L=∓1 the tensor correlator will not
affect states with L= J 〈
r
∣∣∣ c∼Ω
∣∣∣ (J1)J 〉 = 〈 r ∣∣∣ (J1)J 〉 , (1.93)
but only states with L= J∓1 that are tensor correlated as
〈
r
∣∣∣ c∼Ω
∣∣∣ (J∓1, 1)J 〉 = cos(θ(J)(r)) 〈 r ∣∣∣ (J∓1, 1)J 〉 ± sin(θ(J)(r)) 〈 r ∣∣∣ (J±1, 1)J 〉 (1.94)
with the shorthand notation Eq. (1.92).
Correlated Operators in Angular Momentum Eigenstates
With the inclusion of the tensor correlations it is no longer possible to give the general closed
form for the correlated interaction. In section 1.11 this will be discussed in detail. However,
it is possible to evaluate the correlated interaction in angular momentum eigenstates exactly.
This can be used for example in the harmonic oscillator shell model.
As a consequence of Eq. (1.93) the interaction in the states
∣∣∣ (J1)J 〉 will not be influenced
by the tensor correlations
〈
(J1)J
∣∣∣ c∼†r c∼†Ωh∼c∼Ωc∼r
∣∣∣ (J1)J 〉 = 〈 (J1)J ∣∣∣ c∼†r h∼c∼r
∣∣∣ (J1)J 〉 . (1.95)
Therefore only the projection on the states
∣∣∣ (J ± 1, 1)J 〉 is of interest. The projected cor-
related interaction is constructed, following Eq. (1.89), by evaluating the centrally correlated
interaction in the tensor correlated angular momentum states Eq. (1.94).
The kinetic energy in the relative motion in the two-body system is decomposed into kinetic
energy of radial motion and kinetic energy of orbital motion.
t∼rel = t∼r + t∼Ω
r⇒ p
2
r
m
+
1
m
l2
r2
(1.96)
The correlated kinetic energy of the radial motion in the two-body system
〈
(J∓1, 1)J
∣∣∣ tˆ∼[2]r
∣∣∣ (J∓1, 1)J 〉 = 〈 (J∓1, 1)J ∣∣∣ c∼†r c∼†Ωt∼rc∼Ωc∼r − t∼r
∣∣∣ (J∓1, 1)J 〉
r⇒ 1
2
[
p2r
1
2µˆr(r)
+
1
2µˆr(r)
p2r
]
+
1
m
( d
dR+(r)
θ(J)(R+(r))
)2
+ uˆ(r) (1.97)
has an additional potential-like term originating from the radial dependence of the tensor cor-
relation function when compared to the centrally correlated kinetic energy Eq. (1.41). “Radial
mass” µˆr(r) and potential term uˆ(r) are unchanged from Eq. (1.42) and Eq. (1.43).
The mixture of different angular momenta by the tensor correlator changes the correlated
kinetic energy of the orbital motion in the two-body system
〈
(J∓1, 1)J
∣∣∣ tˆ∼[2]Ω
∣∣∣ (J∓1, 1)J 〉 = 〈 (J∓1, 1)J ∣∣∣ c∼†r c∼†Ωt∼Ωc∼Ωc∼r − t∼Ω
∣∣∣ (J∓1, 1)J 〉
r⇒ 1
m
(
cos2
(
θ(J)(R+(r))
) (J∓1)(J∓1+1)
R+(r)2
+ sin2
(
θ(J)(R+(r))
) (J±1)(J±1+1)
R+(r)2
)
− 1
m
( (J∓1)(J∓1+1)
r2
) (1.98)
compared to Eq. (1.44) without tensor correlations.
38
1.8 · Tensor Correlations
The central potentials v∼
c r⇒ vc(r) are not affected by the tensor correlations
〈
(J∓1, 1)J
∣∣∣ c∼†r c∼†Ωv∼cc∼Ωc∼r
∣∣∣ (J∓1, 1)J 〉 r⇒ vc(R+(r)) . (1.99)
Whereas for the spin-orbit interactions v∼
b r⇒ vb(r) l ·s only diagonal contributions from the
distinct L channels of the correlated states have to be considered
〈
(J∓1, 1)J
∣∣∣ c∼†r c∼†Ωv∼bc∼Ωc∼r
∣∣∣ (J∓1, 1)J 〉 r⇒
vb(R+(r))
{
cos2
(
θ(J)(R+(r))
) 〈
(J∓1, 1)J
∣∣∣ l·s ∣∣∣ (J∓1, 1)J 〉
+ sin2
(
θ(J)(R+(r))
) 〈
(J±1, 1)J
∣∣∣ l·s ∣∣∣ (J±1, 1)J 〉} , (1.100)
the matrix elements of the correlated tensor interactions v∼
t r⇒ vt(r) s12(rˆ, rˆ) also include contri-
butions from the off-diagonal matrix elements between the L channels of the correlated state
〈
(J∓1, 1)J
∣∣∣ c∼†r c∼†Ωv∼tc∼Ωc∼r
∣∣∣ (J∓1, 1)J 〉 r⇒
vt(R+(r))
{
cos2
(
θ(J)(R+(r))
) 〈
(J∓1, 1)J
∣∣∣ s12(rˆ, rˆ) ∣∣∣ (J∓1, 1)J 〉
± 2 cos(θ(J)(R+(r))) sin(θ(J)(R+(r))) 〈 (J∓1, 1)J ∣∣∣ s12(rˆ, rˆ) ∣∣∣ (J±1, 1)J 〉
+ sin2
(
θ(J)(R+(r))
) 〈
(J±1, 1)J
∣∣∣ s12(rˆ, rˆ) ∣∣∣ (J±1, 1)J 〉} .
(1.101)
The correlation of the other interaction components and of other operators has to be per-
formed accordingly.
1.8.5 Choice of Correlator
The addition of the tensor correlations does not change the strategy we use for the determination
of the correlators. As described in section 1.6.3 we either fix the correlators on the zero-energy
scattering solutions or perform an energy minimization in the two- or the many-body system.
As before the correlators will be determined in the lowest angular momentum states of the
respective spin and isospin channels as these channels have the biggest weight in many-body
calculations. Furthermore the influence of the correlations decreases with increasing orbital
angular momentum L as the centrifugal barrier suppresses significantly the two-body density
at short distances.
In the S ,T = 0, 0 and the S ,T = 0, 1 channels where we do not have to deal with tensor
correlations the correlators are therefore fixed with
∣∣∣ (10)1 〉 and ∣∣∣ (00)0 〉 trial states. In the
S ,T = 1, 0 channel our uncorrelated trial state will be
∣∣∣ (01)1 〉. The tensor correlator will
admix the
∣∣∣ (21)1 〉 state. In the S ,T = 1, 1 channel the situation is more complicated. The
lowest orbital angular momentum L=1 can be coupled with the spin S =1 to the total angular
momenta J = 0, 1, 2. Only for J = 2 we have to deal with tensor correlations which will
admix
∣∣∣ (31)2 〉 states. As the potentials are different for each J channel it would be conceivable
to define different correlators for all of these channels. However we prefer to have a single
correlator in the S ,T = 1, 1 channel and use the following concept: The tensor correlator will
be fixed on the zero-energy scattering solution in the J=2 channel. The central correlator will
be fixed using the scattering solution obtained with the central part of the interaction. Therewith
the non-central components of the interaction have no influence on the central correlations. For
the determination of the energy-minimized correlators we use a similar idea. The trial state will
39
Chapter 1 · Short-Range Central and Tensor Correlations
be a mixture of the
∣∣∣ (11)J 〉 states with weights of 1,3,5 for J = 0, 1, 2. The tensor correlator
will admix the
∣∣∣ (31)2 〉 state. The energy minimized correlator is then optimized for spherically
symmetric nuclei.
1.8.6 Parameterization of the Tensor Correlation Function
The parameterizations of the tensor correlation functions ϑ(r) are similar to the parameteriza-
tions of the central correlation functions.
If the range of the tensor correlator is not constrained we use the parameterization
ϑ(r) = αγn
(
1 − exp
{
−
( r
γ
)η})
exp
{
− r
β
}
(1.102)
with an exponential decay at large distances r. For correlators with a restricted range the
parameterization
ϑ(r) = αγn
(
1 − exp
{
−
( r
γ
)n})
exp
{
− exp
{ r
β
}}
(1.103)
with a double-exponential is used.
1.9 Bonn-A and Argonne V18 Correlators
Following the principles outlined in the last section we will determine now the central and ten-
sor correlators for the Bonn-A and the Argonne V18 interaction. By comparing the correlators
side-by-side a better understanding of common and specific properties of the different nuclear
interactions and the correlations can be achieved.
The Argonne V8’ interaction is by construction identical to the Argonne V18 interaction in
the lowest L channels. As we fix our correlators in these channels the Argonne V18 correlators
presented are identical to the Argonne V8’ correlators.
Many-body optimized correlators will only be given for the 4He nucleus. For heavier nuclei
like 16O and 40Ca they are nearly indistinguishable from the two-body optimized correlators.
The correlation functions determined from the zero-energy scattering solutions will be fit-
ted for the use in many-body calculations by the parameterizations given in section 1.6.4 and
section 1.8.6. The correlation functions resulting from minimizing the energy use the same
parameterizations for the variation. A summary of all correlation parameters is given in ap-
pendix D.4 for the Bonn-A interaction and in appendix D.5 for the Argonne V18 interaction.
1.9.1 S , T =0, 0 Channel
According to our prescription we have to fix the correlator for the lowest angular momentum,
which is L=1 in this channel. Both, the Bonn-A and the Argonne V18 interaction show a strong
repulsion in the S ,T = 0, 0 channel. This can be seen in the zero-energy scattering solutions
ϕˆzero(r) plotted in the upper part of Fig. 1.25. We observe a remarkable difference in the Bonn-
A and the Argonne V18 scattering solutions. Whereas the local Argonne interaction strongly
suppresses the scattering solution at small distances the more momentum dependent repulsion
of the Bonn interaction sets in only at distances of about 0.5 fm. This difference manifests
itself also in the correlation functions Rzero+ (r) derived from mapping the trial function ϕ(r) = r
onto the scattering solutions. The Argonne correlation function increases steeply for small r
whereas the Bonn correlation function starts to rise at greater distances as seen in the lower
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Figure 1.25: Zero-energy scattering solutions and central correlation functions in the S ,T =0, 0 channel
for the Bonn-A interaction (left hand side) and the Argonne V18 interaction (right hand side). The
trial state ϕ(r) is mapped onto the zero-energy scattering solution ϕˆzero(r) with the correlation function
Rzero+ (r). Minimizing the energy in the two-body system with additional constraints on the correlation
range leads to the correlation functions labeled by α, β and γ.
part of Fig. 1.25. The correlation functions Rzero+ (r) are extremely long ranged and cannot be
used meaningfully in a many-body calculation.
By minimizing the energy in the two-body system with the trial function ϕ(r) with additional
constraints
∫
dr r2 (R+(r) − r) !=

0.1 fm3 ; α
0.2 fm3 ; β
0.5 fm3 ; γ
(1.104)
on the correlation range we obtain the correlators α, β and γ. The difference to the zero-
energy scattering solution correlator can be seen in the upper part of Fig. 1.25 where they have
been applied to the trial wave function ϕ(r). The constraint on the correlation range influences
the long-range part but has only a small effect on the short-range behavior of the correlation
functions.
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Figure 1.26: Central correlations in the S ,T = 0, 1 channel for the Bonn-A (left hand side) and the
Argonne V18 interaction (right hand side). In the upper part ϕˆmin(r) is obtained by minimizing the
energy with the constant trial function ϕ(r). Mapping a Gaussian trial function onto the zero-energy
scattering solution as displayed in the insets of the upper part defines the correlation function zero.
Applying this correlation function on the constant trial function ϕ(r) results in ϕˆzero(r). The correlation
functions are displayed in the lower part together with the 4He optimized correlation function.
In many-body calculations we will only present results obtained with the correlator α. It is
comparable in range to the central correlators in the even channel. Because of the small weight
of the S ,T = 0, 0 channel the final many-body results depend only weakly on the particular
choice of the correlation function.
1.9.2 S , T =0, 1 Channel
In the S ,T = 0, 1 channel the correlators are fixed with L = 0 trial functions. We obtain the
correlators labelled “zero” from the mapping of a Gaussian trial function onto the scattering
solution and the correlators labeled “min” by minimizing the energy in the two-body system
with a constant trial function. These procedures are illustrated in the upper part of Fig. 1.26. In
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addition we determine a correlator optimized for the 4He nucleus in two-body approximation.
Here we use a harmonic oscillator shell model trial state which reproduces the experimental
radius of the 4He nucleus. Comparing the Bonn with the Argonne correlators we again observe
considerable differences. The depletion of the Argonne scattering solution at small distances r
is much stronger than in case of the Bonn potential. The correlation functions of the Argonne
interaction are correspondingly stronger but of the same range as the Bonn correlation func-
tions. We can also observe that the 4He optimized correlators are very similar to the two-body
optimized correlators.
1.9.3 S , T =1, 0 Channel
In the S ,T = 1, 0 channel we have to deal with central and tensor correlation functions. The
zero-energy scattering solution allows us to define tensor and central correlators in a two-step
process. In the first step we deduce the tensor correlator. To do this we take the zero energy
scattering solution that has in addition to the s- a d-wave component induced by the tensor
force 〈
r
∣∣∣ ϕˆzero 〉 = uˆ(r)
r
∣∣∣ (01)1 〉 + wˆ(r)
r
∣∣∣ (21)1 〉 . (1.105)
Following the procedure described in section 1.8.1 for the deuteron correlator we define the
tensor correlator ϑzero(r) for the zero-energy scattering state by mapping the L = 0 “tensor-
decorrelated” wave function u(r)
u2(r) = uˆ2(r) + wˆ2(r) (1.106)
onto the full scattering solution.
The tensor correlation function ϑzero(r) is then given by
ϑzero(r) =
1
3
√
2
arctan
wˆ(r)
uˆ(r)
. (1.107)
The scattering solutions together with the tensor correlation functions are plotted in Fig. 1.27.
The naive idea to create the d-wave component only with the tensor correlator leads to ex-
tremely long ranged correlation functions that extend even outside the range of the interaction.
Since uˆ(r) goes through zero at r = 5.4 fm there is even a pole in ϑzero(r). However at short dis-
tances up to about r ≈ 2 fm the deuteron tensor correlation functions ϑd(r) are almost identical
to the tensor correlation functions derived from the scattering solutions. Therefore we con-
sider the deuteron tensor correlators as the reference correlators when comparing with tensor
correlators of restricted range.
As already indicated for the central correlations we could construct shorter ranged tensor
correlators starting from the scattering solution (or the deuteron solution) with a trial function
that has the correct asymptotic behavior, that means the right d-admixture at large distances.
The tensor correlator would then have to describe the tensor correlations only for small dis-
tances or high momenta.
In a second step we derive the central correlation function for the zero-energy scattering
state. It is defined by the mapping of a Gaussian trial function onto the wave function u(r)r that
takes the role of the scattering solution with respect to the central correlations. This mapping
is indicated in the insets of Fig. 1.28.
The energy minimized correlators in the two-body system can be determined in principle by
simultaneously minimizing the energy with a constant trial function ϕ(r) = const
min
R+(r),ϑ(r)
〈
ϕ
∣∣∣ c∼†r c∼†Ωh∼c∼Ωc∼r
∣∣∣ϕ 〉 (1.108)
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Figure 1.27: The zero energy scattering solution in the S ,T = 1, 0 channel for the Bonn-A (upper left)
and the Argonne V18 (upper right) interaction. They define the tensor correlation functions ϑzero(r)
plotted below together with the deuteron tensor correlation functions ϑd(r).
with respect to central and tensor correlations and additional constraints concerning the corre-
lation range in case of the tensor correlator. In practice we proceed in two steps. In the first
step we determine the central correlation function R+(r) using the deuteron tensor correlation
function ϑd(r) in Eq. (1.108). From the perspective of the central correlator the long range
behavior of the tensor correlator is not relevant. It therefore makes no real difference whether
we use here the deuteron tensor correlator or a tensor correlator that has a restricted range. In
a second step we vary the energy in the two-body system with respect to the tensor correlation
function.
We proceed in the same way for the determination of the 4He optimized correlators, where
the energy in a harmonic oscillator shell model trial state is minimized with respect to central
and tensor correlators7
min
R+(r),ϑ(r)
〈 4He ∣∣∣ [C∼ †rC∼ †ΩH∼ C∼ ΩC∼ r ]C2
∣∣∣ 4He 〉 . (1.109)
7The evaluation of this expectation value is discussed in detail in section 1.10.
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Figure 1.28: Central correlation functions R+(r) in the S ,T =1, 0 channel for Bonn-A interaction (left)
and the Argonne V8’ interaction (right). Applying the central correlation functions min and zero to the
constant trial function ϕ(r) results in ϕˆmin(r) and ϕˆzero(r). In the insets the mapping of the Gaussian
trial function onto the “tensor-decorrelated” scattering solution u(r)r is indicated. The central correlation
functions optimized for the 4He are shown in addition to the zero-energy scattering and the two-body
optimized correlation functions in the lower part.
We end up with the central correlators shown in Fig. 1.28. The central correlation functions
R+(r) obtained with the three methods turn out to be all very similar for the Bonn-A and the
Argonne V18 interaction respectively. But as in the other channels we can observe that the
Argonne interaction induces stronger correlations, the correlation hole is deeper.
The tensor correlation functions ϑ(r) are displayed in Fig. 1.29. Besides the deuteron tensor
correlators we see tensor correlation functions α, β and γ that are obtained by minimizing the
energy in the two-body system with a constant trial function or by minimizing the energy with
the 4He trial state in the two-body approximation. An additional constraint on the correlation
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Figure 1.29: Tensor correlation functions for Bonn-A interaction (left hand side) and Argonne V18
interaction (right hand side). The tensor correlation functions α, β and γ are the result of a minimization
of the energy of the energy in the two-body system (black dotted lines) or in 4He trial state (gray dotted
lines) with additional constraints on the range of the correlators.
range
∫
dr r2 ϑ(r) !=

0.1 fm3 ; α
0.2 fm3 ; β
0.5 fm3 ; γ
(1.110)
is imposed for these correlators.
1.9.4 S , T =1, 1 Channel
The lowest orbital angular momentum L = 1 in the S ,T = 1, 1 channel can be coupled to an
total angular momentum of J = 0, 1, 2. Tensor correlations affect only the J = 2 channel. We
can therefore determine the tensor correlator from the zero-energy scattering solution in the
3P2 − 3F2 channel. As we want a central correlator that is independent of J we fix the central
correlator not on the scattering solution for one particular J but on the zero-energy scattering
solution obtained with the central part of the interaction only.
Minimizing the energy in the two-body system defines our second set of correlators. Here
we minimize the energy
E =
1
9
〈
(11)0
∣∣∣ c∼†r h∼c∼r
∣∣∣ (11)0 〉 + 3
9
〈
(11)1
∣∣∣ c∼†r h∼c∼r
∣∣∣ (11)1 〉 + 5
9
〈
(11)2
∣∣∣ c∼†r c∼†Ωh∼c∼Ωc∼r
∣∣∣ (11)2 〉
(1.111)
averaged over the different angular momenta J. Like in the S ,T =1, 0 channel we first minimize
the energy with respect to the central correlator using the tensor correlation function ϑzero(r)
derived from the 3P2 − 3F2 scattering solution. In a second step the energy is minimized with
respect to the tensor correlator.
In contrast to the S ,T = 0, 0 channel where the central correlator determined from the zero-
energy scattering solution is extremely long ranged the central correlator in the S ,T = 1, 1
channel is essentially short-ranged, see Fig. 1.30. We therefore do not have to impose a con-
straint on the correlation range for the energy minimized correlator. The tensor correlations
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Figure 1.30: Central correlation functions R+(r) in the S ,T = 1, 1 channel for Bonn-A interaction (left
hand side) and the Argonne V18 interaction (right hand side). The zero-energy scattering solution
ϕˆzero(r) (dashed line) is determined neglecting the non-central parts of the interaction. ϕ(r) is the free
zero-energy scattering solution. Besides the correlator which maps the free scattering solution onto the
interacting scattering solution (zero) the correlator resulting from minimizing the energy in the two-body
system is shown.
are also very weak compared to the S ,T = 1, 0 channel and we refrain from imposing addi-
tional constraints on the range of the tensor correlator. The tensor correlators are displayed in
Fig. 1.31.
As in all the other channels we can observe stronger correlations in case of the Argonne
interaction.
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Figure 1.31: Tensor correlation functions in the S ,T = 1, 1 channel for the Bonn-A (left) and Ar-
gonne V18 (right) interaction. Shown are the correlation functions ϑzero(r) (dashed line) determined
from the scattering solutions in the 3P2 − 3F2 channel and ϑmin(r) (dotted line) determined from the
energy minimization in the two-body system. Because of the small tensor correlations no constraints on
the correlation range have been imposed.
1.10 Many-Body Calculations
In this section Many-body calculations of the ground state properties of the doubly magic nuclei
4He, 16O and 40Ca are performed using the Bonn-A and Argonne V18 interactions and their
corresponding correlators determined in section 1.9. Of particular interest is the role of the
tensor correlator. The tensor correlator derived from the deuteron or the zero-energy scattering
solution is of very long range. As we want to use the two-body approximation we have to
restrict the range of the correlator. To study the influence of the correlation range we will
compare the results obtained with the three differently ranged tensor correlators α, β and γ.
We investigate the question how long ranged the correlator must be to successfully describe
the tensor correlations and how short ranged it has to be if we want to restrict ourselves to the
two-body approximation.
1.10.1 The 4He Nucleus
The many-body calculations are done with the harmonic oscillator shell model trial states as
defined in section 1.7. The correlated interactions are used in two-body approximation and we
can use the correlated operators given in section 1.8.4. We will discuss the calculations in the
4He nucleus in some detail to illustrate the formalism.
The uncorrelated trial state
∣∣∣ 4He 〉 is the product of a harmonic oscillator ground state wave
function with different spins and isospins. The only parameter of the trial state is the oscillator
width a, that is related to the radius of the 4He nucleus.
This uncorrelated 4He trial state has only s-wave components in its relative wave functions.
In the uncorrelated trial state the tensor and spin-orbit forces therefore do not contribute to the
expectation value
〈 4He ∣∣∣ H∼ intr
∣∣∣ 4He 〉 of the Hamilton operator. The d-wave admixtures in the
relative wave functions of the 4He nucleus have to be generated by the tensor correlator.
With the Talmi transformation (C.7) we can calculate the 4He expectation value of the Hamil-
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ton operator in two-body approximation
〈 4He ∣∣∣ [C∼ †rC∼ †ΩH∼ intrC∼ ΩC∼ r ]C2
∣∣∣ 4He 〉 = 〈 4He ∣∣∣ T∼ − T∼ cm
∣∣∣ 4He 〉
+ 3
〈
1; (00)0, 1
∣∣∣ c∼†r t∼c∼r − t∼
∣∣∣ 1; (00)0, 1 〉 + 3〈 1; (01)1, 0 ∣∣∣ c∼†r c∼†Ωt∼c∼Ωc∼r − t∼
∣∣∣ 1; (01)1, 0 〉
+ 3
〈
1; (00)0, 1
∣∣∣ c∼†r v∼c∼r
∣∣∣ 1; (00)0, 1 〉 + 3〈 1; (01)1, 0 ∣∣∣ c∼†r c∼†Ωv∼c∼Ωc∼r
∣∣∣ 1; (01)1, 0 〉 . (1.112)
The expectation value
〈 4He ∣∣∣ T∼ − T∼ cm
∣∣∣ 4He 〉 can be calculated analytically, see Eq. (C.10).
The relative wave function of the two-body states
∣∣∣ n; (LS )J,T 〉 are Gaussians with twice the
variance of the single-particle states.
In the S = 0 channel, where we only have to deal with central correlations, we get for the
two-body matrix element of the correlated kinetic energy
〈
1; (00)0, 1
∣∣∣ c∼†r t∼c∼r − t∼
∣∣∣ 1; (00)0, 1 〉 =
−
∫
dr R10(2a)(r)
1
m
( 1
R01+ ′(r)2
−1
)
R′′10(2a)(r)+
∫
dr R210(2a)(r)
1
m
(7R01+ ′′(r)2
4R01+ ′(r)4
− R
01
+
′′′(r)
2R01+ ′(r)3
)
,
(1.113)
see Eq. (1.41). Here RS T+ (r) is the central correlation function in the S ,T channel and
R10(2a)(r) = r
(
2
pia3
) 1
4
exp
{
− r
2
4a
}
(1.114)
the radial wave function of the relative motion.
In the S =1 channel also the tensor correlations have to be considered and we get with help
of Eq. (1.97) and Eq. (1.98)
〈
1; (01)1, 0
∣∣∣ c∼†r c∼†Ωt∼c∼Ωc∼r − t∼
∣∣∣ 1; (01)1, 0 〉 = −
∫
dr R10(2a)(r)
1
m
( 1
R10′+ (r)2
− 1
)
R′′10(2a)(r)
+
∫
dr R210(2a)(r)
1
m
(7R10+ ′′(r)2
4R10+ ′(r)4
− R
10
+
′′′(r)
2R10+ ′(r)3
)
+
∫
dr R210(2a)(r)
1
m
[
θ(1)′(R10+ (r))
]2
+
∫
dr R210(2a)(r) sin
2
(
θ(1)(R10+ (r))
) 1
m
1
R10+ (r)2
〈
(21)1
∣∣∣ l∼2
∣∣∣ (21)1 〉 .
(1.115)
In the S ,T = 1, 0 channel only the central part contributes to the matrix element of the
potential 〈
1; (00)0, 1
∣∣∣ c∼†r v∼c∼r
∣∣∣ 1; (00)0, 1 〉 =
∫
dr R210(2a)(r) v
c
01(R
01
+ (r)) , (1.116)
but in the S ,T = 1, 0 channel we have to consider also the spin-orbit and tensor force. The
expectation value of the central force does not change when including the tensor correlation.
The spin-orbit force has only diagonal matrix elements in the L = 2 states whereas the tensor
force has strong off-diagonal contributions between the L= 0 and L= 2 states, see Eqs. (1.99-
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1.101):
〈
1; (01)1, 0
∣∣∣ c∼†r c∼†Ωv∼c∼Ωc∼r
∣∣∣ 1; (01)1, 0 〉 =
∫
dr R210(2a)(r)v
c
10(R
10
+ (r))
+
∫
dr R210(2a)(r) sin
2
(
θ(1)(R10+ (r)
) 〈
(21)1, 0
∣∣∣ l∼·s∼
∣∣∣ (21)1, 0 〉 vb10(R10+ (r))
+ 2
∫
dr R210(2a)(r) cos
(
θ(1)(R10+ (r))
)
sin
(
θ(1)(R10+ (r))
)
× 〈 (01)1, 0 ∣∣∣ s∼12(rˆ, rˆ)
∣∣∣ (21)1, 0 〉 vt10(R10+ (r))
+
∫
dr R210(2a)(r) sin
2
(
θ(1)(R10+ (r)
) 〈
(21)1, 0
∣∣∣ s∼12(rˆ, rˆ)
∣∣∣ (21)1, 0 〉 vt10(R10+ (r)) .
(1.117)
Other components of the interaction have to be treated accordingly.
The uncorrelated 4He trial state has only s-wave components but the tensor correlator in-
duces a d-wave admixture. The percentages of s-wave and d-wave components define the
measures Ps and Pd. The total orbital angular momentum of the 4He nucleus can then be
expressed as 〈
L∼
2 〉 = 0 · Ps + 2(2 + 1) · Pd . (1.118)
The total orbital angular momentum of the correlated 4He nucleus calculated in the two-body
approximation is given by
〈 4He ∣∣∣ [C∼ †rC∼ †ΩL∼ 2C∼ ΩC∼ r
]C2 ∣∣∣ 4He 〉 =
3
〈
1; (00)0, 1
∣∣∣ c∼†r l∼2c∼r − l∼2
∣∣∣ a; (00)0, 1 〉 + 3〈 1; (01)1, 0 ∣∣∣ c∼†r c∼†Ωl∼2c∼Ωc∼r − l∼2
∣∣∣ 1; (01)1, 0 〉 .
(1.119)
There are no contributions from the one-body part (one-body states have l=0) of the cluster ex-
pansion. From the two-body part the only non-vanishing contribution is in the tensor correlated
S ,T =1, 0 channel with its L=2 admixture (Eq. (1.94))
〈 4He ∣∣∣ [C∼ †rC∼ †ΩL∼ 2C∼ ΩC∼ r ]C2
∣∣∣ 4He 〉 = 2(2 + 1)
∫
dr R210(2a)(r) sin
2
(
θ(1)(R10+ (r))
)
. (1.120)
The correlations also influence the radius of the nucleus. The Rrms radius is defined as
R2rms =
1
A
〈∑
i
(r∼i − R∼ cm)
2 〉 (1.121)
and can be calculated analytically for the uncorrelated trial state, see Eq. (C.12). The correlated
radius Rˆrms is obtained in two-body approximation as
4Rˆ2rms =
〈 4He ∣∣∣∑
i
(r∼i − R∼ cm)
2
∣∣∣ 4He 〉
+3
〈
1; (00)0, 1
∣∣∣ 1
2
(
c∼
†
r r∼
2c∼r − r∼
2) ∣∣∣ 1; (00)0, 1 〉+3〈 1; (01)1, 0 ∣∣∣ 1
2
(
c∼
†
r c∼
†
Ω
r∼
2c∼Ωc∼r − r∼
2) ∣∣∣ 1; (01)1, 0 〉 .
(1.122)
The tensor correlator c∼Ω commutes with r
2 and we obtain
Rˆ2rms = R
2
rms +
3
4
∫
dr R210(2a)(r)
1
2
(
(R01+ (r))
2 − r2
)
+
3
4
∫
dr R210(2a)(r)
1
2
(
(R10+ (r))
2 − r2
)
.
(1.123)
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Results - Argonne V8’
The Argonne V8’ is simpler in its operator structure than the full Argonne V18 interaction and
has been used recently as a benchmark potential for many-body calculations of the 4He nucleus
[KNG+01]. The predictions of all the quasi-exact many-body methods presented in this paper
agree in binding energy and radius of the 4He nucleus and we can therefore use this as a reliable
reference.
Figure 1.32: 4He binding energies with the Ar-
gonne V8’ interaction (without Coulomb interac-
tion) as a function of the matter radius rrms. The
black solid line is obtained using two-body op-
timized central correlators and the deuteron ten-
sor correlator. For the gray solid line 4He opti-
mized central correlators and a 4He optimized ten-
sor correlator, that is very similar to the deuteron
correlator, are used. The black dotted lines use
two-body minimized central correlators and the
three two-body optimized tensor correlators with
restricted range (labeled with α, β and γ). The
gray dotted lines use the 4He optimized central
and tensor correlators. The result of the reference
calculations [KNG+01] is indicated.
Figure 1.33: Contributions of the various inter-
action parts to the binding energy with the Ar-
gonne V8’ interaction. Reference values are given
by the dots. The 4He optimized correlators are
used. For the intrinsic kinetic energy
〈
T − Tcm
〉
,
the spin-orbit
〈
Vb
〉
and the tensor potential
〈
V t
〉
three curves for the tensor correlators α, β and γ
are shown. The central interaction
〈
Vc
〉
(solid
line and grey point) is not influenced by the ten-
sor correlations.
In Fig. 1.32 the binding energy of 4He calculated with the correlated Argonne V8’ interac-
tion is shown. As expected the binding energy increases with the range of the tensor correlator.
We can also observe that a small but significant increase of about 2 MeV in binding is achieved
when using the 4He optimized correlators instead of the correlators derived with constant trial
functions in the two-body system. The 4He optimized correlators have been fixed in this calcu-
lation for a trial state that reproduces the rms radius of the reference calculations. An additional
increase in binding is achieved with tensor correlators of unrestricted range.
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One should note that this strong increase in binding with many-body optimized correlators
is specific for very light nuclei. In heavier nuclei the two-nucleon distribution function is much
smoother and only an insignificant increase in binding can be achieved by using many-body
optimized correlators.
When we compare the binding energy at the rms radius of the reference result we see a
fair agreement with the results of the long ranged tensor correlator γ. This is affirmed by
the contributions of the individual interaction parts, as shown in Fig. 1.33 and the d-wave
probability Pd of 13.9% which agrees well with the γ tensor correlator.
Although our calculations reproduce fairly well the binding energy at the 4He reference
width, our minimum of the binding energy is obtained at a smaller radius and has about 4 MeV
more binding. Also for the shorter ranged tensor correlators β and α we observe radii that are
too small. This effect may be explained to some extent by our extremely simple ansatz for the
uncorrelated trial state. We only have L= 0 components in our uncorrelated trial function and
the tensor correlator only admixes L=2 contributions. The reference calculations conclude for
example on a 0.37% p-wave probability in the 4He nucleus.
Of much greater importance is however the fact that we have to use rather long ranged tensor
correlators to get sufficient binding. The higher-order contributions cannot be neglected for
the long ranged correlators especially for smaller radii which correspond to higher densities.
Additional repulsion from three-body contributions could shift the minimum up in energy and
towards larger radii. A qualitative discussion of this effect is presented in section 1.10.3.
We want to emphasize the fact that we are discussing small effects resulting from the sum
of large positive and negative contributions, as seen in Fig. 1.33, to the total binding energy. It
should also be noted that the correlators are absolutely essential. The energy obtained with the
uncorrelated trial state is 〈 4He ∣∣∣ H∼ intr
∣∣∣ 4He 〉 = +73 MeV (1.124)
and the energy of a trial state correlated only with the central correlator
〈 4He ∣∣∣ [C∼ †r H∼ intrC∼ r ]C2
∣∣∣ 4He 〉 = +11 MeV , (1.125)
calculated for the radius rrms = 1.48 fm. The tensor correlator alone brings the system from an
unbound configuration with +11 MeV down to
〈 4He ∣∣∣ [C∼ †rC∼ †ΩH∼ intrC∼ ΩC∼ r ]C2
∣∣∣ 4He 〉 = −27 MeV , (1.126)
for the long ranged tensor correlator γ.
Results – Bonn-A and Argonne V18
In Fig. 1.34 we show our results for the 4He nucleus using the Bonn-A and the Argonne V18
interactions. The Argonne V18 nuclear interaction is identical to the Argonne V8’ in the chan-
nels relevant in the two-body approximation and the results will differ therefore only because
of the Coulomb force. For reference we show results of VMC and GFMC calculations [Wir92]
with the Argonne V18 interaction. As in the case of the Argonne V8’ interactions we observe
that our radii are somewhat smaller. One should however also note the large difference in the
radii of the VMC and the GFMC calculations. At the reference radius of the GFMC calcula-
tion the long range tensor correlator γ reproduces the GFMC binding energy. The differences
between the GFMC calculation and the experimental binding energy and radius are usually
interpreted as an indication for the necessity of genuine three-body forces.
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Figure 1.34: The 4He nucleus calculated with the Bonn-A (left hand side) and the Argonne V18 (right
hand side) interaction. The differences between the Argonne V18 and the Argonne V8’ results shown in
Fig. 1.32 are due to the Coulomb force. Black dotted lines are obtained using the two-body optimized
central correlator and the two-body optimized tensor correlators of restricted range. The gray dotted
lines use the 4He optimized correlators instead. The gray solid line is obtained with the 4He optimized
central correlator and a 4He optimized tensor correlator without range constraints. For the Argonne V18
we indicate the results of VMC and GFMC calculations [Wir92].
For the Bonn-A interaction there are no reference calculations but the results are very similar
to the Argonne V18 calculations, except that the Bonn-A interaction is more attractive with the
shorter tensor correlators α and β.
1.10.2 Doubly Magic Nuclei: 16O and 40Ca
The doubly magic nuclei are calculated with the harmonic oscillator shell model trial states
given in section 1.7 using the two-body approximation. The evaluation of the two-body matrix
elements is done with the correlated interaction in angular momentum eigenstates given in
section 1.8.4 and as it was illustrated for the 4He nucleus.
Results – Argonne V8’
In Fig. 1.35 our results with the Argonne V8’ interaction are displayed. The FHNC/SOC cal-
culations we show for reference were done with a Hamiltonian consisting of the Argonne V8’
potential together with the Urbana IX three-body force. Therefore we can unfortunately only
compare the expectation values of the Argonne V8’ potential at the radii obtained in the
FHNC/SOC calculations. At those radii the β and γ tensor correlators yield very similar ener-
gies.
Results – Bonn-A and Argonne V18
In Fig. 1.36 and Fig. 1.37 the results of many-body calculations using the Bonn-A and the
Argonne V18 interaction are presented. In case of the Bonn-A interaction the results of a
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Figure 1.35: Calculations for the 16O and 40Ca nuclei using the Argonne V8’ interaction (including
the Coulomb force). The dotted lines show the results with the two-body optimized central correlator
and the three two-body optimized tensor correlators α, β and γ. The solid lines are obtained with the
deuteron tensor correlator. The points denote FHNC/SOC calculations. The radii for the points a and b
represent minima of the energy where additional three-body forces are added to the Argonne V8’. The
calculation c used a trial state that reproduces the experimental radius. Calculation a used harmonic
oscillator states, the calculations b and c Woods-Saxon states.
Figure 1.36: Calculations for the 16O nucleus using the Bonn-A (left) and the Argonne V18 (right)
interaction. The two-body optimized central correlators are used together with two-body optimized
tensor correlators with restricted range (dotted lines) or the deuteron tensor correlators (solid line). For
the Bonn-A interaction the result of a Brueckner Hartree Fock (BHF) calculation [MP00] and for the
Argonne V18 potential the result of a Coupled Cluster (CC) calculation [HM99] are indicated.
BHF calculation [MP00] and for the Argonne V18 a Coupled Cluster Calculation [HM99] are
included for reference.
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Figure 1.37: The 40Ca nucleus calculated with the Bonn-A (left) and the Argonne V18 (right) inter-
action. The two-body optimized central correlators are used together with two-body optimized tensor
correlators with restricted range (dotted lines) or the deuteron tensor correlators (solid line).
In the case of 16O the uncorrelated energies for the Bonn-A and the Argonne V18 interaction
are +212 MeV and +321 MeV, in case of 40Ca they are +622 MeV and +933 MeV respectively.
But when the tensor correlators β and γ are used the correlated Bonn-A and Argonne V18 in-
teractions give very similar results. It seems that the unitary correlators which are interaction
specific map the two different interactions on the same correlated interaction. This is illus-
trated further in section 1.12 where the low-momentum behavior of the correlated interaction
is discussed.
Another interesting observation is the fact that the tensor correlator of unrestricted range
which is optimal in the two-body system actually gives less binding for the heavier nuclei
than the correlator γ that is restricted in range. In the two-body system we only consider a
L= 0 trial state but in the two-body densities of the heavier nuclei also higher relative angular
momenta appear. The additional angular momentum dependence which comes with the tensor
correlations gives then, increasing with the correlation range and decreasing with the radius,
more repulsion which overcompensates the increased binding in the L=0 channels. This effect
cannot be observed with the short ranged tensor correlator as the probability density at short
distances is already strongly suppressed by the centrifugal barrier.
We can further notice that neither the correlated Argonne V18 nor the correlated Bonn-
A interaction can reproduce the experimental binding energies at the experimental radii. It is
known from GFMC calculations of light nuclei (A < 10) that the Argonne V18 interaction does
not provide enough binding and additional genuine three-body forces are needed to reproduce
the experimental radii and binding energies.
1.10.3 Higher Order Contributions
The study of the nuclei 4He, 16O and 40Ca shows that the tensor correlations are indeed long
ranged and it has to be questioned whether they can by treated solely by the unitary correlator
in the two-body approximation. Instead of starting the tedious job of calculating three-body
terms we want to discuss what we can expect from the three-body contributions.
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The three-body parts of the correlated interaction will be induced mainly by the tensor cor-
relator in the S =1,T =0 channel because of the strength and long range of this correlator.
We simulate the three-body contributions by a three-body delta force. The expectation value
〈
V∼
(3) 〉 = V0
∫
d3r ρ3(r) (1.127)
can be evaluated analytically and we get as three-body contributions at the experimental radii:
4He :
〈
V∼
(3) 〉/A = 0.0188 fm−6V0 (1.128)
16O :
〈
V∼
(3) 〉/A = 0.0112 fm−6V0 (1.129)
40Ca :
〈
V∼
(3) 〉/A = 0.0141 fm−6V0 (1.130)
The effect of such a three-body contribution with V0 = 35 MeV fm6 and V0 = 70 MeV fm6
is displayed in Fig. 1.38. If we adjust V0 to reproduce the binding energy of quasi-exact cal-
culations in 4He we estimate three-body contributions at the experimental radii in the order of
1 − 1.5 MeV per nucleon. At smaller radii (higher densities) the three-body contributions are
much larger and consequently the locations of the minima are noticeably shifted to larger radii
compared to the radii obtained in two-body approximation.
If we include such a three-body correction in our calculations we are missing about 2−3 MeV
binding energy per nucleon when compared to the experimental values. This difference, that
is also observed in the GFMC calculations for light nuclei up to A = 10, might be explained
by genuine three-body forces [PPWC01]. A very rough extrapolation of the three-body contri-
butions obtained in GFMC calculations of light nuclei to 16O and 40Ca is compatible with our
estimation of 2− 3 MeV per nucleon. Compared to the total binding energy this may seem like
a large correction, but compared to the large contribution of the two-body force alone, this is
only a small correction.
Summarizing these considerations we conclude that the treatment of the tensor correlations
in the UCOM approach is working. Unfortunately the tensor correlations are not so short
ranged that the two-body approximation is sufficient. There are two possible conclusions: The
first is to restrict the range of the tensor correlator in order to ensure the validity of the two-body
approximation. The effect of the long range part of tensor correlations has then to be included in
the many-body trial state. One can think of configuration mixing shell model calculations. The
second possibility is to use the long ranged tensor correlator and try to evaluate the three-body
contributions in a certain approximation. This would be the preferred approach for applications
of the correlated interaction if one wants to work with a single or only a small set of Slater
determinants.
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Figure 1.38: Simulation of the effect of the three-
body contributions using a three-body delta force
in 4He (right), 16O (bottom left) and 40Ca (bottom
right). The black curves show the results with the
Bonn-A interaction in two-body approximation.
The long ranged tensor correlator γ is used. For
the gray curves three-body delta forces are added
to the Hamiltonian. These additional three-body
forces move the minima up in energy and towards
larger radii.
1.11 Correlated Operators
When using a harmonic oscillator shell model basis the two-body states can easily be written in
angular momentum eigenstates of relative and center of mass coordinates. The unitary tensor
correlations acting on the relative coordinates can be performed explicitly in these states. How-
ever if we are not dealing with angular momentum eigenstates it is technically advantageous to
correlate the operators. The centrally and tensorically correlated interaction can then be used
in many-body calculations (Hartree-Fock, FMD).
A fully correlated operator Aˆ∼ is given by
Aˆ∼ = C∼
†A∼C∼ = C∼
†
rC∼
†
Ω
A∼C∼ ΩC∼ r . (1.131)
The tensor correlated operator in the two-body space is calculated with the Baker-Campbell-
Hausdorff formula
c∼
†
Ω
a∼c∼Ω = e
ig
∼Ωa∼e
−ig
∼Ω
= a∼ + i
[
g
∼Ω
, a∼
]
− +
i2
2
[
g
∼Ω
,
[
g
∼Ω
, a∼
]
−
]
− + . . .
= eLΩa∼ ,
(1.132)
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where we use the superoperator LΩ = i
[
g
∼Ω
, ◦]− to rewrite the expression. For the explicit
calculation we have to evaluate the repeated application of LΩ. In the case of the Hamilton
operator the commutators of the generator g
∼Ω
with the kinetic energy and all components of
the potential have to be calculated. All interaction components are scalar two-body operators
(STB) with respect to rotations. In coordinate and spin-space they are of rank 0 (e.g. central
potential), rank 1 (e.g. spin-orbit potential) or rank 2 (e.g. tensor potential). The calculation
of the commutators of the operators is performed by recoupling the tensor components and is
given in detail in appendix B.
The uncorrelated Bonn and Argonne interactions have potential components with Π1, l2, l·s,
(l·s)2 and s12(rˆ, rˆ) operators. Unfortunately operators with increasing order in angular momenta
are generated by the repeated application of LΩ.
A special situation occurs for the radial part of the kinetic energy in the two-body space.
Here the Baker-Campbell-Hausdorff series terminates after the second iteration
[
gΩ, p2r
]
− = i
(
prϑ′(r) + ϑ′(r)pr
)
s12(r,pΩ) (1.133)
[
gΩ,
[
gΩ, p2r
]
−
]
− = −2ϑ′(r)2
[
(18 + 6 l2)Π1 +
45
2
l·s + 3
2
s12(l, l)
]
(1.134)
[
gΩ,
[
gΩ,
[
gΩ, p2r
]
−
]
−
]
− = 0 . (1.135)
The tensor operators s12(r,pΩ) and s12(l, l) are defined as
s12(r,pΩ) =
1
2
(
3(σ1 ·r)(σ2 ·pΩ)+3(σ1 ·pΩ)(σ2 ·r)−(σ1 ·σ2)(r ·pΩ)−(σ1 ·σ2)(pΩ ·r)
)
(1.136)
and
s12(l, l) = 3(σ1 · l)(σ2 · l) − (σ1 · σ2)l2 . (1.137)
In case of the angular part of the kinetic energy and the potential part of the interactions we
have to deal with the commutators
[
gΩ,Π1
]
− = 0 (1.138)[
gΩ, s12(rˆ, rˆ)
]
− = iϑ(r)
[−24Π1 − 18 l·s + 3 s12(rˆ, rˆ)] (1.139)[
gΩ, l·s
]
− = iϑ(r)
[−s¯12(pΩ,pΩ)] (1.140)[
gΩ, l2
]
− = iϑ(r)
[
2 s¯12(pΩ,pΩ)
]
(1.141)[
gΩ, s12(l, l)
]
− = iϑ(r)
[
7 s¯12(pΩ,pΩ)
]
, (1.142)
where s¯12(pΩ,pΩ) is a short-hand notation for the combination
s¯12(pΩ,pΩ) = 2r2s12(pΩ,pΩ) + s12(l, l) −
1
2
s12(rˆ, rˆ) . (1.143)
In higher orders of the series the commutators
[
gΩ, s¯12(pΩ,pΩ)
]
− = iϑ(r)
[
(96 l2 + 108)Π1 + (36 l2 + 153) l·s + 15 s12(l, l)
]
(1.144)[
gΩ, l2l·s
]
− = iϑ(r)
[−3 s¯12(pΩ,pΩ) − l2 s¯12(pΩ,pΩ)] (1.145)[
gΩ, l2 s¯12(pΩ,pΩ)
]
− = iϑ(r)
[
324Π1 + 477 l·s + 600 l2 + 51 s12(l, l) + 477 l2l·s
+ 144 l4 + 27 l2s12(l, l) + 36 l4l·s
]
(1.146)
contribute. With the repeated application of the generator operators of higher order in angular
momentum are generated. We will restrict our calculation to operators up to third power in
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angular momentum, that means that we neglect the last three operators in Eq. (1.146). The
considered operators define a vector space of finite dimension. The operator LΩ can be repre-
sented in this basis by a matrix and the Baker-Hausdorff series can be evaluated explicitly by
calculating the matrix exponential.
In the basis
{
Π1, l2Π1, l·s, s12(rˆ, rˆ), s12(l, l), s¯12(pΩ,pΩ), l2l·s, l2 s¯12(pΩ,pΩ)
}
we get
LΩ = iϑ(r)

0 0 0 −24 0 108 0 324
0 0 0 0 0 96 0 600
0 0 0 −18 0 153 0 477
0 0 0 3 0 0 0 0
0 0 0 0 0 15 0 51
0 2 −1 0 7 0 −3 0
0 0 0 0 0 36 0 477
0 0 0 0 0 0 −1 0

. (1.147)
Together with the contribution of the radial part of the kinetic energy we thus have an explicit
expression for the correlated interaction.
The truncation of the operator basis is justified by looking at the binding energy obtained
with the so calculated correlated interaction. With the restriction to the given basis going
up to third order in angular momentum the deuteron energy is reproduced with an error of
0.005 MeV. Using the basis
{
Π1, l2Π1, l·s, s12(rˆ, rˆ), s12(l, l), s¯12(pΩ,pΩ)
}
the deuteron energy
deviates by 0.05 MeV. It should be noted that in the deuteron with the L = 0 trial state the
deviation is not caused by the explicit contributions of the neglected higher order operators but
by the correlated central part of the interaction as the repeated application of LΩ to higher-order
operators gives also contributions to the central part of the interaction. Omitting the operators
of higher order in angular momentum is justified also for heavier nuclei as the correlations and
therefore also the correlated interaction parts with higher order in angular momentum are of
short range whereas the relative wave function for large angular momenta is suppressed at short
radii because of the centrifugal barrier. We could in principle enlarge the basis of the operator
space but obviously the results will not change noticeable.
The effect of the central and tensor correlations on the central part of the interaction is shown
in Fig. 1.39 for the S ,T =1, 0 channel of the Bonn-A interaction. We can see how the repulsive
core of the local potential vc10(r) has been tamed by the central correlations and the additional
attraction generated by the tensor correlator. The increased attraction in the local part of the
correlated interaction is accompanied by an increased repulsion in the momentum-dependent
parts of the interaction. While the original l2 term vl210(r) sets in around r ≈ 0.8 fm the correlated
l2 potential vˆl210(r) due to the long range tensor correlations reaches out to about r ≈ 2 fm. The
radial momentum part vˆp
2
r
10(r) is also shifted further out.
In Fig. 1.40 the noncentral components of the Bonn-A interaction are shown. The tensor
correlations do not only change the tensor component vˆt10(r) of the interaction but also the
spin-orbit part vˆb10(r) of the interaction. In addition we get interaction components of higher
order in angular momentum shown in the lower right part of Fig. 1.40. Interaction components
of this operator structure are not present in the uncorrelated interaction.
The analysis of the interaction components in the r-representation is not very illustrative.
The differences between correlated and uncorrelated interaction can be visualized better by
comparing matrix elements. As the interactions will be used in shell model calculations matrix
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Figure 1.39: Correlated Bonn-A interaction in the
S ,T = 1, 0 channel for the long ranged tensor
correlator γ. The radial and angular momentum
dependent and the central interaction components
are the relevant ones in spherical nuclei. The cor-
related central potential does not have the repul-
sive core of the uncorrelated potential due to the
central correlator and is more attractive due to the
tensor correlator. On the other hand the correlated
interaction has a stronger momentum dependence
resulting from the correlation of the kinetic en-
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elements are calculated in relative harmonic oscillator states
∣∣∣ 2a; n(LS )J 〉 for n = 1 and the
lowest angular momenta in the respective channels as a function of the oscillator parameter
a. The oscillator parameters of the doubly magic nuclei reproducing the empirical charge
radii provide an orientation. To avoid too much redundancy only the results for the Bonn-A
interaction will be shown. The Argonne V18 results differ only slightly.
Nucleus 4He 16O 40Ca
a [fm2] 1.74 3.06 3.77
The matrix elements for the central part of the uncorrelated and correlated Bonn-A interac-
tion are shown in Fig. 1.41. In spherical nuclei the non-central components vanish in a shell
model state and the binding energy is determined by the central part of the interaction alone.
In all channels one can observe the general trend of decreasing matrix elements with in-
creasing relative angular momentum – the probability density of the higher angular momentum
states is shifted to larger distances outside the range of the interaction.
In the odd channels the effect of the correlations is not as pronounced as in the even channels.
The centrifugal barrier suppresses the probability to find two nucleons in the vicinity of the
repulsive core and the effect of the central correlations is rather weak. In the strongly repulsive
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Figure 1.40: Non central components of the correlated Bonn-A interaction in the S ,T = 1, 0 channel
using the long-ranged correlator γ. Full lines denote the uncorrelated interaction, dotted lines the corre-
lated interaction.
S ,T = 0, 0 channel the effect of the correlator is almost not noticeable. In the S ,T = 1, 1
channel the repulsive core is weaker to begin with and the tensor correlator provides additional
attraction in this channel. The matrix elements in higher angular momentum states are nearly
vanishing in this channel (not the change in the energy scale).
In the even channels the repulsive core of the uncorrelated interaction leads to strongly re-
pulsive matrix elements at small oscillator parameters. The matrix elements of the correlated
interaction are much more attractive. In the S ,T =0, 1 channel this is achieved by central cor-
relations alone. For L = 0 the effect is dramatic, for L = 2 due to the centrifugal barrier it is
rather small. In the S ,T = 1, 0 channel the tensor correlator contributes strongly to the central
part of the correlated interaction. In the L= 0 case the difference between the different ranges
of the tensor correlators appears on the scale of the matrix element. But on the scale of the
net binding energy where we have big cancellations between kinetic and potential energy this
seemingly small difference translates to the big differences seen in the calculations for 4He, 16O
and 40Ca. For L = 2 the matrix elements for the different correlators differ significantly only
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Figure 1.41: Expectation values of the central part of the uncorrelated (full lines) and the correlated
(dashed lines) Bonn-A interaction in relative harmonic oscillator states. For S ,T =1, 0 the effects of the
three tensor correlators α, β and γ are shown.
for small oscillator parameters. With increasing correlator range the matrix elements become
more repulsive.
The non-central interaction components have diagonal and off-diagonal matrix elements.
Diagonal matrix elements are shown in Fig. 1.42. The first non-vanishing matrix element is
obtained for L=2 in the S ,T =1, 0 channel. The matrix elements using the short-ranged tensor
correlator differ only slightly from the uncorrelated ones. With increasing correlation range and
decreasing oscillator parameter the differences between the correlated and uncorrelated matrix
elements become more pronounced. In the S ,T =1, 1 channel the effect of the tensor correlator
is visible only in the channel of lowest angular momentum L=1.
The off-diagonal matrix elements are displayed in Fig. 1.43. Here we can see a strong
effect of the tensor correlations. The rather large off-diagonal matrix elements between the∣∣∣ 1(01)1 〉 and ∣∣∣ 1(21)1 〉 are reduced dramatically by the tensor correlator. The matrix elements
are getting smaller with increasing range of the tensor correlator. This strength reduction of
the off-diagonal matrix elements enlightens the operation of the tensor correlator once more –
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Figure 1.42: Diagonal matrix elements of the non-central two-body components of the uncorre-
lated (solid lines) and correlated Bonn-A interaction (dotted lines) in the
∣∣∣ 1(L1)J = L 〉 and the∣∣∣ 1(L1)J = L + 1 〉 state. The matrix elements in the ∣∣∣ 1(L1)J = L − 1 〉 state are not shown to avoid
to much clutter.
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Figure 1.43: Off-diagonal matrix elements of the non-central two-body components of the uncorrelated
(solid lines) and correlated (dotted lines) Bonn-A interaction between
∣∣∣ 1(J − 1, 1)J 〉 and ∣∣∣ 1(J + 1, 1)J 〉
states.
the tensor correlator “diagonalizes” the tensor interaction. Using the uncorrelated interaction
the most important part of the deuteron binding energy comes from the off-diagonal matrix
elements of the tensor interaction between the s- and the d-wave. In the correlated interaction
the binding is achieved by the central part of the correlated interaction and we have no d-wave
in the uncorrelated deuteron state. As we have to use tensor correlators of restricted range we
cannot achieve a total vanishing of the off-matrix elements. In the S ,T = 1, 1 channel we can
see in principle the same behavior but the off-diagonal matrix elements are much weaker in this
channel.
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1.12 Momentum Space Representation of the Interaction
The effect of unitary correlations on the interaction can also be studied in the momentum space
representation. To do this, correlated interaction and uncorrelated potential are evaluated in
eigenstates of momentum and angular momentum
〈
kLM
∣∣∣ V∼
∣∣∣ k′L′M′ 〉 = iLiL′m
∫
d3x
∫
d3x′ Y?LM(xˆ) jL(kx)
〈
x
∣∣∣ V∼
∣∣∣ x′ 〉 jL′(k′x′)YL′M′(xˆ′) ,
(1.148)
〈
kLM
∣∣∣ Hˆ∼ [2]
∣∣∣ k′L′M′ 〉 = iLiL′m
∫
d3x
∫
d3x′ Y?LM(xˆ) jL(kx)
〈
x
∣∣∣ Hˆ∼ [2]
∣∣∣ x′ 〉 jL′(k′x′)YL′M′(xˆ′) .
(1.149)
For the correlated interaction the potential consists of the two-body part of the correlated kinetic
energy and the correlated potential.
The momentum space representation of the interaction in the S ,T = 0, 1 and L = 0 state
obtained in this manner is shown in Fig. 1.44 for the uncorrelated and correlated Bonn-A and
Argonne V18 interaction. Although the uncorrelated interactions differ significantly, both, the
diagonal and the off-diagonal matrix elements are almost indistinguishable for the correlated
interaction.
We can compare our correlated potential to the Vlowk potential [BKS+01]. Vlowk is obtained
by integrating out the high relative momentum modes in the sense of the renormalization group,
while preserving the half-on-shell T-matrix and bound state properties of the bare potential.
Vlowk has momentum components only lower than the cutoff.
In Fig. 1.45 the diagonal and off-diagonal matrix elements of Vlowk in the S ,T = 0, 1 and
L = 0 channel are shown for the Bonn-A and the Argonne V18 interaction as well as for the
Paris potential and the chiral potential by Machleidt and Entem [EM01]. Obviously the matrix
elements of the Vlowk compare favorably to our correlated interaction Fig. 1.44.
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Figure 1.44: Correlated and uncorrelated Bonn-A and Argonne V18 interaction. Diagonal momentum
space matrix elements in the S ,T = 0, 1 channel (left) and off-diagonal matrix elements with k′ =
0.06 fm−1 (right). The correlated Bonn-A and Argonne V18 interactions are almost indistinguishable
and more attractive than the uncorrelated interactions.
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In Fig. 1.46 the diagonal matrix elements in the S ,T =1, 0 and L=0 channel are shown. As
in the S ,T = 0, 1 channel the matrix elements of the uncorrelated Bonn-A and Argonne V18
interaction are quite different. The application of the central correlation makes both interactions
much more attractive but they still differ significantly. The additional application of tensor
correlations leads to more attractive matrix elements. Here the stronger tensor correlations
for the Argonne V18 interaction also give a much stronger effect in bringing the centrally
correlated Argonne potential down to the fully correlated one. After full correlation the matrix
elements of Bonn-A and Argonne V18 interaction are also in this channel almost identical.
This is true for all three tensor correlators of different range.
In the S ,T = 0, 1 channel the Vlowk potential is almost independent of the cutoff. In the
S ,T =1, 0 channel this is no longer the case. In Fig. 1.47 the matrix element at k = 0 is plotted
as a function of the cutoff parameter Λ. In our correlator picture this cutoff dependence has to
be translated into the dependence on the tensor correlator range.
Regarding the tensor correlations it is not possible to get a clear separation of scales between
the tensor correlations and the medium to long range correlations in the many-body state. In
the language of the Vlowk potential this problem is revealed by the fact that the potential is not
independent of the cutoff Λ. In the UCOM approach we have to deal with the determination
of the tensor correlation range that is not unique. Comparing the UCOM and Vlowk results,
the tensor correlators α, β and γ correspond to cut-offs Λ of about 1.7 fm−1, 1.45 fm−1 and
1.2 fm−1.
The fact that the correlated interactions are almost identical in the low momentum regime
shows that the detailed structure of the interaction at short distances is not important for the
low energy region. With the unitary correlation operator we have a method at hand to extract
the important low energy behavior. It is in this sense an alternative to the Vlowk approach which
uses renormalization group techniques to derive the low-momentum potential.
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Figure 1.45: Diagonal elements of Vlowk in the S ,T = 0, 1 channel for different potentials (left) and
off-diagonal elements of Vlowk (right). Figure from [BKS+01].
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Figure 1.47: Zero momentum matrix element of
the Vlowk potential in the S ,T = 1, 0 channel as a
function of the cutoff parameter Λ. The matrix
element depends on the cutoff in a similar way as
it depends in the UCOM approach on the range of
the tensor correlator. Figure from [BKS+01].
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Chapter 2
Fermionic Molecular Dynamics
Fermionic Molecular Dynamics (FMD) has been developed to describe heavy ion reactions
in the low to medium energy regime (below the particle production threshold). As essential
ingredient it uses antisymmetrized many-body states
∣∣∣ Q(t) 〉 to account for the fermionic nature
of the nucleons. The single-particle states are of Gaussian shape in coordinate space. They are
localized in phase space with a mean position, a mean momentum, and a complex width. The
spin and isospin degrees of freedom are represented by two-component spinors. The equations
of motion for the parameters of the single-particle states are derived from the time dependent
variational principle [KS82]
δ S = δ
∫ t2
t1
dt
〈
Q(t)
∣∣∣ i d
dt
− H∼
∣∣∣ Q(t) 〉
〈
Q(t)
∣∣∣ Q(t) 〉 = 0 . (2.1)
The flexibility of the single-particle basis is not only essential for the description of dynam-
ical situations like in heavy ion reactions but it also provides great advantages in nuclear struc-
ture studies where deformations or radial distributions quite different from those of harmonic
oscillator states are important. Nonetheless harmonic oscillator eigenstates with good angular
momentum quantum numbers can also be represented by linear combinations of Gaussians.
It is easy to show that a linear superposition of Gaussians that are infinitesimally displaced
in phase space are identical to eigenstates of the harmonic oscillator [Kra01]. For numerical
purposes finite displacements that are still small compared to the widths work as well.
The ability of Gaussians to reproduce the harmonic oscillator wave functions is utilized
in FMD calculations of doubly magic nuclei. Performing a variation of the parameters of all
Gaussians the minimum of the energy is achieved for the harmonic oscillator shell model states
in case of 4He, 16O and 40Ca. These doubly magic nuclei therefore provide a link between the
many-body calculations performed with the harmonic oscillator states in section 1.10 and the
FMD calculations.
2.1 The FMD Model
We give here only a short summary of the FMD model. A detailed description is given in
[FS97, FS00], technical details are given in [Nef98].
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2.1.1 Single-Particle States
The single-particle states are described in coordinate space by a Gaussian. The Gaussians∣∣∣ q 〉 = ∣∣∣ a,b 〉 are parameterized by the complex width a and the complex vector b
〈
x
∣∣∣ a,b 〉 = exp{− (x − b)2
2a
}
, (2.2)
where b = r + iap is a combination of the real parameters for the mean position r and mean
momentum p
r =
〈
a,b
∣∣∣ x∼
∣∣∣ a,b 〉〈
a,b
∣∣∣ a,b 〉 , p =
〈
a,b
∣∣∣ k∼
∣∣∣ a,b 〉〈
a,b
∣∣∣ a,b 〉 . (2.3)
The variances in coordinate and momentum space are determined by the real and imaginary
parts of the width
3
2
∣∣∣a∣∣∣2
Re{a} =
〈
a,b
∣∣∣ (x∼ − r)2
∣∣∣ a,b 〉〈
a,b
∣∣∣ a,b 〉 ,
3
2
1
Re{a} =
〈
a,b
∣∣∣ (k∼ − p)2
∣∣∣ a,b 〉〈
a,b
∣∣∣ a,b 〉 (2.4)
The spin can be parametrized either by the three-component along the z-axis (sufficient for
spin-saturated many-body states with S = 0) or by a full spinor for which the spin can posses
arbitrary directions. The isospin is given by its three-component, fixing the nucleon to be either
proton or neutron
∣∣∣ qk 〉 = ∣∣∣ ak,bk 〉 ⊗ ∣∣∣ χk 〉 ⊗ ∣∣∣ ξk 〉 , (2.5)∣∣∣ qk 〉 = ∣∣∣ ak,bk 〉 ⊗ ∣∣∣ χ↑k, χ↓k 〉 ⊗
∣∣∣ ξk 〉 . (2.6)
For nuclear structure calculations we also use single-particle states that are superpositions of
Gaussians ∣∣∣ qk 〉 =∑
j
ck, j
(∣∣∣ ak, j,bk, j 〉 ⊗ ∣∣∣ χ↑k, j, χ↓k, j 〉 ⊗
∣∣∣ ξk 〉
)
. (2.7)
This increased flexibility in the single-particle state leads to an improved description. This is
particularly important for halo nuclei with their exponentially decreasing neutron density.
2.1.2 Many-Body States
An uncorrelated many-body state is given by a Slater determinant of single-particle states
∣∣∣ Q 〉 = A∼ (
∣∣∣ q1 〉 ⊗ . . . ⊗ ∣∣∣ qA 〉) . (2.8)
We can formally define correlated many-body states
∣∣∣ Qˆ 〉 = C∼ ΩC∼ r
∣∣∣ Q 〉 , (2.9)
but technically we will always evaluate correlated operators (in two-body approximation) in
uncorrelated many-body states
〈
Qˆ
∣∣∣ A∼
∣∣∣ Qˆ 〉〈
Qˆ
∣∣∣ Qˆ 〉
C2
=
〈
Q
∣∣∣ [C∼ †rC∼ †ΩA∼C∼ ΩC∼ r ]C2
∣∣∣ Q 〉〈
Q
∣∣∣ Q 〉 . (2.10)
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2.1.3 Matrix Elements
As our single-particle states do not form an orthogonal basis the evaluation of matrix elements
has to account for this non-orthogonality. We define the single-particle overlap matrix
nkl =
〈
qk
∣∣∣ ql 〉 (2.11)
and its inverse
o = n−1 . (2.12)
With the help of the inverse overlap matrix expectation values of one-body operators
〈
Q
∣∣∣ B∼ [1]
∣∣∣ Q 〉〈
Q
∣∣∣ Q 〉 =
∑
kl
〈
qk
∣∣∣ b∼ [1]
∣∣∣ ql 〉olk , (2.13)
and two-body operators
〈
Q
∣∣∣ B∼ [2]
∣∣∣ Q 〉〈
Q
∣∣∣ Q 〉 =
1
2
∑
klmn
a
〈
qk, ql
∣∣∣ b∼ [2]
∣∣∣ qm, qn 〉a omkonl
=
1
2
∑
klmn
〈
qk, ql
∣∣∣ b∼ [2]
∣∣∣ qm, qn 〉(omkonl − onkoml)
(2.14)
can be calculated. Because of the non-orthogonality the computational effort of FMD calcula-
tions scales with the number of Gaussians per single-particle state ng and the particle number
A as
computational effort ∝ n4g × A4 . (2.15)
2.1.4 Interaction
The matrix elements of the single-particle overlap in coordinate space
Rkl =
〈
ak,bk
∣∣∣ al,bl 〉 = (2piαkl)3/2 exp
{
pi
2
kl
2λkl
}
, (2.16)
and the one-body part of the correlated kinetic energy (the same as the uncorrelated kinetic
energy) can be calculated analytically
〈
ak,bk
∣∣∣ t∼
∣∣∣ al,bl 〉 = 12m
(
3λkl + pi2kl
)
Rkl , (2.17)
where we use the abbreviations
λkl =
1
a?k + al
, αkl =
a?k al
a?k + al
= λkl a?k al , (2.18)
pikl = i
bk? − bl
a?k + al
= i λkl(bk? − bl) , (2.19)
ρkl =
albk? + a?k bl
a?k + al
= λkl(albk? + a?k bl) . (2.20)
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The radial dependencies of the correlated interaction are expressed to arbitrary accuracy by
sums of Gaussians. In the case of a central potential we have
v∼
c r⇒
∑
i
γi exp
{− r2
2κi
}
. (2.21)
This allows us to evaluate the matrix elements analytically. We obtain
vcklmn =
〈
akbk, albl
∣∣∣ v∼c
∣∣∣ ambm, anbn 〉 =
=
∑
i
γi(2pi)3 (αkmαln)3/2
(
κi
αklmn + κi
)3/2
exp
{
− ρ
2
klmn
2(αklmn + κi)
+
1
2
(
pi
2
km
λkm
+
pi
2
ln
λln
)}
=
∑
i
γiRkmRln
(
κi
αklmn + κi
)3/2
exp
{
− ρ
2
klmn
2(αklmn + κi)
}
(2.22)
with
αklmn = αkm + αln , ρklmn = ρkm − ρln , piklmn = 12 (pikm − piln) . (2.23)
Here we can interpret ρklmn as the distance between the nucleons and piklmn as the relative
momentum of the nucleons (in the sense of a matrix element and not of an expectation value)
and αklmn can be interpreted as the width of the Gaussian in the relative coordinate.
As an illustration of a spin dependent interaction we show the spin-orbit interaction which
is represented as
v∼
b r⇒
∑
i
γi exp
{− r2
2κi
}
(r × p) · S . (2.24)
The matrix element then becomes
vbklmn =
〈
akbkχk, alblχl
∣∣∣ v∼b
∣∣∣ ambmχm, anbnχn 〉
= RkmRln
(
ρklmn × piklmn
) · Sklmn ∑
i
γi
(
κi
αklmn + κi
)5/2
exp
{
− ρ
2
klmn
2(αklmn + κi)
} (2.25)
with the matrix element Sklmn of the spin operator.
The derivation of the above matrix elements and the matrix elements of the other interaction
components are given in detail in [Nef98]. We only want to demonstrate that we express all
matrix elements by analytical expressions and do not need to evaluate numerical integrals.
2.2 Nuclear Chart in FMD
The correlated Bonn-A interaction with the long ranged tensor correlator γ has been used
within the FMD model to calculate ground state properties of nuclei up to 48Ca. Here the
following simplifications of the correlated interaction have been used:
• The interaction components l2l·s are projected onto the l·s components as follows
vl
2ls(r) l2l·s −→

6 vl
2ls(r) l·s S ,T =1, 0
2 vl
2ls(r) l·s S ,T =1, 1 , (2.26)
so that original and projected interaction are identical in the lowest contributing L chan-
nels.
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• Interaction components which are of rank 2 are not taken into account. In the single
Slater determinants of the FMD they give no contribution anyway.
In Fig. 2.1 the results of our FMD calculations are summarized. Shown is the deviation of
the binding energy per nucleon from the experimental results. For the big chart the FMD code
with a single Gaussian per single-particle state has been used. The lighter nuclei have been
calculated also with two Gaussians per single-particle state.
The best agreement between FMD and experimental binding energies is achieved for the
doubly magic nuclei 4He, 16O and 40Ca. Here the FMD states are indeed identical to the
harmonic oscillator shell model states. They are visualized in Fig. 2.2.
We can also observe that the FMD results underestimate the binding energies more and more
with increasing distance from the shell closures. The deviations are larger and less systematic in
case of the p-shell nuclei than in case of the sd-shell nuclei. Their description can be improved
by using two Gaussians per single-particle state, whereas the doubly magic nuclei 4He and 16O
show no change in binding energy by the extended single-particle basis.
The nuclei away from the shell closures exhibit intrinsically deformed ground states and
often a pronounced cluster structure. Some examples are shown in Fig. 2.3. These nuclei do
not have good angular momentum quantum numbers in the FMD description and should be
projected to obtain the physical ground state. The energy of the intrinsically deformed states
Edeformed is higher than the energy EJ of the angular momentum projected state. For this reason
we cannot expect that we can describe the intrinsically deformed nuclei with a single Slater
determinant as well as the spherical nuclei.
As discussed in section 1.10 the radii obtained with the correlated Bonn-A interaction are
significantly smaller than the experimental results.
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Figure 2.1: The nuclear chart calculated with the FMD model and the correlated Bonn-A interaction (using γ correlator). The color coding shows the deviation of
the FMD binding energy from the experimental binding energy. The lighter nuclei calculated with the FMD model using two Gaussians per single-particle states
give improved energies.
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Figure 2.2: FMD ground states calculated with the correlated Bonn-A interaction. Shown are nucleon density cuts through the nuclei and radial density distributions
in units of the nuclear matter density ρ0 = 0.17 fm−3.
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EFMDB E
Exp
B E
FMD
B /A E
Exp
B /A δEB/A r
FMD
cms r
Exp
cms
H2 0.52 -2.23 0.26 -1.11 1.37 1.73 2.10
H3 -4.95 -8.48 -1.65 -2.83 1.18 1.66 1.68
He3 -4.14 -7.72 -1.38 -2.57 1.19 1.70 1.88
He4 -27.23 -28.30 -6.81 -7.07 0.27 1.60 1.68
Li6 -15.51 -32.00 -2.59 -5.33 2.75 1.98 2.57
Li7 -20.14 -39.24 -2.88 -5.61 2.73 2.10 2.41
Be9 -32.86 -58.16 -3.65 -6.46 2.81 2.24 2.51
B10 -34.72 -64.75 -3.47 -6.48 3.00 2.23 2.45
B11 -44.51 -76.20 -4.05 -6.93 2.88 2.20 2.42
C12 -59.42 -92.16 -4.95 -7.68 2.73 2.23 2.47
C13 -65.66 -97.11 -5.05 -7.47 2.42 2.22 2.44
C14 -78.02 -105.28 -5.57 -7.52 1.95 2.22 2.56
N14 -78.48 -104.66 -5.61 -7.48 1.87 2.26 2.54
N15 -94.32 -115.49 -6.29 -7.70 1.41 2.27 2.61
O16 -111.33 -127.62 -6.96 -7.98 1.02 2.31 2.73
O17 -109.71 -131.76 -6.45 -7.75 1.30 2.32 2.66
O18 -109.85 -139.81 -6.10 -7.77 1.66 2.33 2.73
F19 -108.78 -147.80 -5.73 -7.78 2.05 2.53 2.90
Ne20 -122.38 -160.65 -6.12 -8.03 1.91 2.57 3.01
Ne22 -127.96 -177.78 -5.82 -8.08 2.26 2.56 2.97
Na23 -132.83 -186.57 -5.78 -8.11 2.34 2.62 2.94
Mg24 -141.81 -198.26 -5.91 -8.26 2.35 2.69 3.08
Mg25 -147.36 -205.58 -5.89 -8.22 2.33 2.69 3.11
Mg26 -155.96 -216.68 -6.00 -8.33 2.34 2.70 3.06
Al27 -165.84 -224.95 -6.14 -8.33 2.19 2.78 3.04
Si28 -176.69 -236.54 -6.31 -8.45 2.14 2.85 3.09
Si29 -179.84 -245.02 -6.20 -8.45 2.25 2.83 3.08
Si30 -184.38 -255.63 -6.15 -8.52 2.37 2.83 3.18
P31 -186.95 -262.92 -6.03 -8.48 2.45 2.86 3.19
S32 -198.74 -271.78 -6.21 -8.49 2.28 2.84 3.24
S34 -220.10 -291.85 -6.47 -8.58 2.11 2.83 3.28
S36 -246.04 -308.72 -6.83 -8.58 1.74 2.84 3.28
Cl35 -229.65 -298.22 -6.56 -8.52 1.96 2.86 3.39
Cl37 -258.06 -317.11 -6.97 -8.57 1.60 2.86 3.38
Ar36 -238.64 -306.72 -6.63 -8.52 1.89 2.88 3.33
Ar40 -266.99 -343.82 -6.67 -8.60 1.92 2.92 3.43
K39 -282.20 -333.74 -7.24 -8.56 1.32 2.92 3.40
K41 -282.45 -351.62 -6.89 -8.58 1.69 2.95 3.42
Ca40 -294.73 -342.05 -7.37 -8.55 1.18 2.94 3.45
Ca48 -325.57 -416.00 -6.78 -8.67 1.88 3.03 3.45
Table 2.1: Groundstate binding energies and charge radii. FMD calculations and experimental values.
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Notation
In this work we use the following notational conventions:
Vectors
Vectors in three-dimensional space are denoted in bold face, e.g. r and p
∼Ω
(a vector valued
operator).
Labeling of one- and two-body states
A one-body state is usually labeled ∣∣∣ a; χξ 〉
with the wave function
〈
x
∣∣∣ a 〉, the three-component of the spin χ and the isospin three-component
ξ.
A two-body state can be labeled as ∣∣∣α; S MS ,T MT 〉
with the wave function
〈
r
∣∣∣α 〉 in the relative coordinate r and total spin S , three-component of
the spin MS , total isospin T and isospin three-component MT . For reasons of convenience the
isospin part of the state may be omitted.
In many applications it is advantageous to use a two-body basis where orbital angular mo-
mentum L and total spin S of the nucleons are coupled to the total angular momentum J∣∣∣α; (LS )JM,T MT 〉 .
Operators
Operators in Hilbert space are denoted by an underlining wiggle. We conventionally use upper-
case letters for operators in Fock space and lowercase letters for operators in one- or two-body
space.
For example the Hamilton operator in Fock space is noted as H∼ , the correlated Hamilton
operator in Fock space as Hˆ∼ , the kinetic energy operator in one-body space t∼ and the potential
energy operator in two-body space v∼.
In formal reasoning the particle-order of the operator is denoted explicitly, e.g. the irre-
ducible three-body part of the correlated Hamilton operator is written as Hˆ∼
[3].
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Coordinate Representation of Operators
Because of the radial dependence of the central and tensor correlation functions it is often more
convenient to use the coordinate representation of operators. The fact that an operator is given
in the coordinate space representation is denoted by the symbol
r⇒, e.g.
p
∼ r
r⇒ pr ≡
r
r
1
i
(1
r
+
∂
∂r
)
and
v∼
ls r⇒ vls(r) l·s .
This has to be understood in the following sense
〈
r
∣∣∣ p
∼ r
∣∣∣ φ 〉 = pr〈 r ∣∣∣ φ 〉 = rr
1
i
(1
r
+
∂
∂r
)
φ(r) ,
and
〈
rχ
∣∣∣ v∼ls
∣∣∣α; (ls) jm 〉 = vls(r) l·s 〈 rχ ∣∣∣α; (ls) jm 〉
= vls(r) Rα(r)
∑
ml,ms
C
(
l s
ml ms
∣∣∣∣∣∣
j
m
)〈
rˆ
∣∣∣ l∼
∣∣∣ l,ml 〉 · 〈 χ ∣∣∣ s∼
∣∣∣ s,ms 〉 ,
where Rα(r) is the radial part of the single-particle wave function
〈
rχ
∣∣∣α; (ls) jm 〉 and 〈 rˆ ∣∣∣ l,ml 〉
the angular part.
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Appendix B
UCOM formulas
In this appendix we summarize the properties and the algebra of the operators that appear in
processing central and tensor correlations.
B.1 Radial Momentum
The central correlator shifts a pair of nucleons only radially in the relative coordinate and is
constructed with the radial momentum operator p
∼ r
p
∼ r
r⇒ 1
2
{
p · r
r
+
r
r
· p
}
=
1
i
(1
r
+
∂
∂r
)
. (B.1)
Useful representations of the radial momentum operator are
pr =
1
i
(1
r
+
∂
∂r
)
=
1
i
1
r
∂
∂r
(
r◦) , (B.2)
p2r = −
1
r
∂
∂r
(
r
1
r
∂
∂r
r◦
)
= −1
r
∂2
∂r2
(
r◦) . (B.3)
In this work the generator g
∼r
of the central correlations is written in terms of the radial
momentum operator p
∼ r
. If one is not dealing with relative wave functions alternative represen-
tations can be used
g
∼r
r⇒ 1
2
{
pr s(r) + s(r)pr
}
=
1
2
{
p · r
r
s(r) + s(r)
r
r
· p
}
=
i
2
{←−∇ · r
r
s(r) − s(r)r
r
· −→∇
}
.
(B.4)
The momentum dependent interaction terms can also be expressed in different ways
1
2
(
p2r m(r) + m(r)p
2
r
)
= prm(r)pr −
1
2
m′′(r) − m
′(r)
r
(B.5)
=
(
p · r
r
)
m(r)
(
r
r
· p
)
− 1
2
m′′(r) (B.6)
= p · m(r)p − m(r) l
2
r2
−
(m′(r)
r
+
1
2
m′′(r)
)
. (B.7)
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B.2 Orbital Momentum Operator
The momentum operator p
∼
can be decomposed in the radial momentum p
∼ r
and the so called
orbital momentum p
∼Ω
p
∼
= p
∼ r
+ p
∼Ω
, (B.8)
that is not to be confused with the orbital angular momentum l∼. The radial momentum operator
p
∼ r
and the orbital momentum operator p
∼Ω
p
∼ r
r⇒ r
r
pr =
1
2
[
r
r
(
r
r
· p
)
+
(
p · r
r
)
r
r
]
, p
∼Ω
r⇒ 1
2r
(
l × r
r
− r
r
× l
)
(1.82)
do not commute. Using the elementary commutator relations of position and momentum we
can verify [
pr,pΩ
]
− =
i
r
pΩ (B.9)
and the scalar product commutator
[
pr·,pΩ
]
− = pr · pΩ − pΩ · pr = i
(
pr
1
r
+
1
r
pr
)
= − 1
r2
+
2i
r
pr . (B.10)
From the definition it is obvious that pΩ commutes with functions which depend only on the
relative distance r [
pΩ, f (r)
]
− = 0 . (B.11)
We can further calculate the scalar product commutator with the position operator r∼
[
r·,pΩ
]
− = 2i (B.12)
and using
p2 = p2r + pr · pΩ + pΩ · pr + p2Ω , (B.13)
we derive the properties
pr · pΩ + pΩ · pr = −
1
r2
, (B.14)
p2
Ω
=
1
r2
(
l2 + 1
)
. (B.15)
B.3 Algebra of Tensor Operators
We need the algebra of the scalar two-body operators (STB) for calculating correlated oper-
ators. The determination of the algebra is performed using the irreducible spherical tensor
representation of the operators. We use the conventions of the Particle Data Book [Cea98].
B.3.1 Spherical Tensor Operators
An irreducible spherical tensor operators of rank k is noted as
T∼
(k)
q (B.16)
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The transformation from cartesian to spherical tensors of first rank is given by
A∼
(1)
1 = −
A∼ x + iA∼ y√
2
A∼
(1)
0 = A∼ z A∼
(1)
−1 =
A∼ x − iA∼ y√
2
. (B.17)
In general two tensor operators of rank j1 and j2 can be coupled to a tensor operator of rank
j using the Clebsch-Gordan coefficients
{
A∼
( j1) B∼
( j2)
}( j)
q
≡
∑
m1,m2
C
(
j1 j2
m1 m2
∣∣∣∣∣∣
j
q
)
A∼
( j1)
m1 B∼
( j2)
m2 . (B.18)
A shorthand notation is used for the coupled (and symmetrized) product of vector operators
a and b in coordinate space
(a∼ b∼)
( j)
q =
1
2
({
a∼
(1) b∼
(1)
}( j)
q
+
{
b∼
(1) a∼
(1)
}( j)
q
)
. (B.19)
We also define coupled commutators and anti-commutators
[
A∼
( j1), B∼
( j2)]±( j)q ≡
∑
m1,m2
C
(
j1 j2
m1 m2
∣∣∣∣∣∣
j
q
) [
A∼
( j1)
m1 , B∼
( j2)
m2
]
± . (B.20)
The scalar product of spherical tensor operators (acting in different Hilbert spaces) of first
rank is given by
A∼
(1) · T∼
(1) = −
√
3
{
A∼
(1) ⊗ T∼
(1)
}(0)
,
and the scalar product of spherical tensor operators of second rank by
A∼
(2) · T∼
(2) =
√
5
{
A∼
(2) ⊗ T∼
(2)
}(0)
.
Using the spherical tensors we can write for example the spin-orbit operator l∼·s∼ as
l∼·s∼ = l∼
(1) · S∼
(1) = −
√
3
{
l∼
(1) ⊗ S∼
(1)
}(0)
(B.21)
and the tensor operator s∼12(a,b) can be expressed using the spherical tensors as
s∼12(a,b) = 3(σ∼ 1 · a∼)(σ∼ 2 · b∼ ) − (σ∼ 1 · σ∼ 2)(a∼ · b∼ ) = 3
{
a∼
(1) b∼
(1)
}(2) · S∼ (2) = 3
√
5
{
(a∼b∼)
(2) ⊗ S∼
(2)
}(0)
,
with the operators S∼
(1) and S∼
(2) in the two-body spin space, see section B.3.5.
B.3.2 Calculating Commutators and Anticommutators
The calculation of correlated operators is based on the evaluation of the Baker-Campbell-
Haussdorf formula Eq. (1.132). In this process we have to evaluate repeatedly the commutator
of the generator g
∼Ω
with scalar two-body operators (STB). These STBs can be of rank 0,1 or
2 in coordinate and spin space. The calculation of such a commutator is demonstrated on the
example of the commutator
[
g
∼Ω
, vb(r) l∼·s∼
]
− = ϑ(r)v
b(r)
[
s∼12(r,pΩ), l∼·s∼
]
− , (B.22)
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where the tensor correlation function ϑ(r) and the radial dependence vb(r) commute with the
STBs and will not be considered in the following.
In the first step we rewrite the commutator using the spherical representation of the operators
(see section B.3.1)
[
s∼12(r,pΩ), l∼·s∼
]
− =
[
3
√
5
{
(r∼ pΩ∼
)(2) ⊗ S∼
(2)
}(0)
,−
√
3
{
l∼
(1) ⊗ S∼
(1)
}(0)]
−
. (B.23)
In the next step we recouple the operators in coordinate and spin space using the formulas of
section B.3.3. For our example we find
[
s∼12(r,pΩ), l∼·s∼
]
− = 3
√
5
{[
(r∼ pΩ∼
)(2), l∼
(1)](1)
− ⊗ S∼
(1)
}(0)
+ 3
√
15
2
{[
(r∼ pΩ∼
)(2), l∼
(1)](2)
+ ⊗ S∼
(2)
}(0)
.
(B.24)
With the commutators and anticommutators of section B.3.4 the commutator can be simplified
and rewritten in the cartesian tensor notation
[
s∼12(r,pΩ), l∼·s∼
]
− = −i3
√
5
{
(pΩ∼
pΩ∼
)(2) ⊗ S∼
(2)
}(0)
= −is¯12(pΩ,pΩ) .
(B.25)
B.3.3 Products of STB operators
The products, commutators and anti-commutators of STB (scalar two-body) operators are
calculated by performing a recoupling of the tensor operators with the help of 9j-symbols
[VMK88]
{
A∼
(J1) ⊗ S∼
(J1)
}(0) {
B∼
(J2) ⊗ T∼
(J2)
}(0)
=
2∑
K=0
(2K + 1)

J1 J1 0
J2 J2 0
K K 0

{{
A∼
(J1) B∼
(J2)
}(K) ⊗ {S∼ (J1) T∼ (J2)
}(K)}(0)
. (B.26)
Here A∼ and B∼ are operators in the two-body coordinate space and S∼ and T∼ are operators in the
two-body spin space. Because the two-body spin space is only four dimensional there is no
tensor operator with a rank higher than two and the sum over K is restricted.
The following expansions for commutators and anticommutators make use of the fact that
operators in coordinate and spin space commute
A∼ ⊗ S∼ · B∼ ⊗ T∼ =
1
4
[
A∼ , B∼
]
− ⊗
[
S∼ ,T∼
]
− +
1
4
[
A∼ , B∼
]
+ ⊗
[
S∼ ,T∼
]
++
1
4
[
A∼ , B∼
]
− ⊗
[
S∼ ,T∼
]
+ +
1
4
[
A∼ , B∼
]
+ ⊗
[
S∼ ,T∼
]
− ,
(B.27)
and [
A∼ ⊗ S∼ , B∼ ⊗ T∼
]
± =
1
2
[
A∼ , B∼
]
± ⊗
[
S∼ ,T∼
]
+ +
1
2
[
A∼ , B∼
]
∓ ⊗
[
S∼ ,T∼
]
− . (B.28)
Using these expansions, Eq. (B.26) and the spin space relations from section B.3.5 the fol-
lowing expressions are obtained:
[{
A∼
(1) ⊗ S∼
(1)
}(0)
,
{
B∼
(1) ⊗ S∼
(1)
}(0)]
± = −
2
5
√
3
[
A∼
(1), B∼
(1)](0)
± ⊗ Π1
− 1
5
√
3
2
{[
A∼
(1), B∼
(1)](1)
∓ ⊗ S∼
(1)
}(0)
+
√
5
2
{[
A∼
(1), B∼
(1)](2)
± ⊗ S∼
(2)
}(0)
, (B.29)
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[{
A∼
(2) ⊗ S∼
(2)
}(0)
,
{
B∼
(2) ⊗ S∼
(2)
}(0)]
± = −
4
3
√
5
[
A∼
(2), B∼
(2)](0)
± ⊗ Π1
+
√
6
5
{[
A∼
(2), B∼
(2)](1)
∓ ⊗ S∼
(1)
}(0)
+
√
7
15
{[
A∼
(2), B∼
(2)](2)
± ⊗ S∼
(2)
}(0)
, (B.30)
[{
A∼
(2) ⊗ S∼
(2)
}(0)
,
{
B∼
(1) ⊗ S∼
(1)
}(0)]
± =
− 1√
3
{[
A∼
(2), B∼
(1)](1)
± ⊗ S∼
(1)
}(0) − 1√
2
{[
A∼
(2), B∼
(1)](2)
∓ ⊗ S∼
(2)
}(0)
. (B.31)
B.3.4 (Anti-)Commutator Relations for Coordinate Space Operators
The following relations have been verified with a Mathematica program using the elementary
commutator relations of position and momentum operators
For the evaluation of the correlated radial part of the kinetic energy or a momentum depen-
dent potential we need
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](0)
− = 0 ,
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](0)
+ =
1√
5
(l∼
2 + 3) , (B.32)
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](1)
− = −
5
2
l∼
(1) ,
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](1)
+ = 0 , (B.33)
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](2)
− = 0 ,
[
(r∼ pΩ∼
)(2), (r∼ pΩ∼
)(2)
](2)
+ =
√
3
7
(l∼ l∼)
(2) . (B.34)
In the evaluation of the correlated angular part of the kinetic energy the commutator
[
(r∼ pΩ∼
)(2), l∼
2]
− = 2i(pΩ∼
pΩ∼
)(2) (B.35)
appears, where the short-hand notation
(pΩ∼
pΩ∼
)(2) = 2r∼
2(pΩ∼
pΩ∼
)(2) + (l∼ l∼)
(2) − 1
2
(rˆ∼ rˆ∼)
(2) (B.36)
is used.
In calculating the tensor correlated spin-orbit interaction following commutators and anti-
commutators are needed:
[
(r∼ pΩ∼
)(2), l∼
(1)](1)
− = 0 ,
[
(r∼ pΩ∼
)(2), l∼
(1)](1)
+ = 0 , (B.37)
[
(r∼ pΩ∼
)(2), l∼
(1)](2)
− = −
√
6(r∼ pΩ∼
)(2) ,
[
(r∼ pΩ∼
)(2), l∼
(1)](2)
+ = −i
√
2
3
(pΩ∼
pΩ∼
)(2) . (B.38)
For correlating the tensor interaction we need
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](0)
− = −
2i√
5
,
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](0)
+ = 0 , (B.39)
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](1)
− = 0 ,
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](1)
+ = i
√
2
5
l∼
(1) , (B.40)
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](2)
− = i
√
3
7
(rˆ∼ rˆ∼)
(2) ,
[
(r∼ pΩ∼
)(2), (rˆ∼ rˆ∼)
(2)](2)
+ = 0 . (B.41)
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In higher orders of the Baker-Campbell-Hausdorff expansion the following commutators and
anti-commutators have to be used
[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](0)
− = 0 ,
[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](0)
+ = 0 , (B.42)[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](1)
− = 0 ,
[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](1)
+ = 0 , (B.43)
[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](2)
− = i
√
7
3
(pΩ∼
pΩ∼
)(2) ,
[
(r∼ pΩ∼
)(2), (l∼ l∼)
(2)](2)
+ = 0 , (B.44)
and
[
(r∼ pΩ∼
)(2), (pΩ∼
pΩ∼
)(2)
](0)
− =
i√
5
(8l∼
2 + 9) ,
[
(r∼ pΩ∼
)(2), (pΩ∼
pΩ∼
)(2)
](0)
+ = 0 , (B.45)
[
(r∼ pΩ∼
)(2), (pΩ∼
pΩ∼
)(2)
](1)
− = 0 ,
[
(r∼ pΩ∼
)(2), (pΩ∼
pΩ∼
)(2)
](1)
+ = −i
√
2
5
(2l∼
2 +
17
2
)l∼
(1) ,
(B.46)
[
(r∼ pΩ∼
)(2), (pΩ∼
pΩ∼
)(2)
](2)
− = 5i
√
3
7
(l∼ l∼)
(2) , (B.47)
[
l∼
(1), l∼
(1)](0)
− = 0 ,
[
l∼
(1), l∼
(1)](0)
+ = −
2√
3
l∼
2 , (B.48)
[
l∼
(1), l∼
(1)](1)
− = −
√
2l∼
(1) ,
[
l∼
(1), l∼
(1)](1)
+ = 0 , (B.49)[
l∼
(1), l∼
(1)](2)
− = 0 ,
[
l∼
(1), l∼
(1)](2)
+ = −(l∼ l∼)
(2) , (B.50)
[
(rˆ∼ rˆ∼)
(2), l∼
(1)](2)
− = −
√
6(rˆ∼ rˆ∼)
(2) ,
[
(rˆ∼ rˆ∼)
(2), l∼
(1)](2)
+ = −i
√
8
3
(r∼ pΩ∼
)(2) , (B.51)
[
(l∼ l∼)
(2), l∼
(1)](2)
− = −
√
6(l∼ l∼)
(2) ,
[
(l∼ l∼)
(2), l∼
(1)](2)
+ = 0 , (B.52)
[
(pΩ∼
pΩ∼
)(2), l∼
(1)](2)
− = −
√
6(pΩ∼
pΩ∼
)(2) ,
[
(pΩ∼
pΩ∼
)(2), l∼
(1)](2)
+ = −
8
3
(pΩ∼
pΩ∼
)(2) , (B.53)
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](0)
− = 0 ,
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](0)
+ = −
4
3
√
5
, (B.54)
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](1)
− = 0 ,
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](1)
+ = 0 , (B.55)
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](2)
− = 0 ,
[
(rˆ∼ rˆ∼)
(2), (rˆ∼ rˆ∼)
(2)](2)
+ = −
4√
21
(rˆ∼ rˆ∼)
(2) . (B.56)
B.3.5 (Anti-)Commutator Relations for Spin Operators
In the two-body spin space we have the projectors Π∼ 0 to total spin 0 and Π∼ 1 to total spin 1,
Π∼ 0 =
1
4
(1 − σ∼ ⊗ σ∼ ) , Π∼ 1 =
1
4
(3 + σ∼ ⊗ σ∼ ) , (B.57)
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the total spin operator S∼
(1) which is a tensor operator of rank 1
S∼
(1) =
1
2
(
σ∼
(1) ⊗ 1∼ + 1∼ ⊗ σ∼
(1)) (B.58)
and the tensor operator S∼
(2) of rank 2
S∼
(2) =
{
S∼
(1) S∼
(1)
}(2)
. (B.59)
Using the properties of the Pauli matrices the following commutators and anticommutators
can be verified
[
S∼
(1), S∼
(1)](0)
− = 0 ,
[
S∼
(1), S∼
(1)](0)
+ = −
4√
3
Π∼ 1 , (B.60)
[
S∼
(1), S∼
(1)](1)
− = −
√
2S∼
(1) ,
[
S∼
(1), S∼
(1)](1)
+ = 0 (B.61)[
S∼
(1), S∼
(1)](2)
− = 0 ,
[
S∼
(1), S∼
(1)](2)
+ = S∼
(2) , (B.62)
[
S∼
(2), S∼
(1)](1)
− = 0 ,
[
S∼
(2), S∼
(1)](1)
+ = −2
√
5
3
S∼
(1) , (B.63)
[
S∼
(2), S∼
(1)](2)
− =
√
6S∼
(2) ,
[
S∼
(2), S∼
(1)](2)
+ = 0 , (B.64)
[
S∼
(2), S∼
(2)](0)
− = 0 ,
[
S∼
(2), S∼
(2)](0)
+ =
8
3
√
5Π1 , (B.65)
[
S∼
(2), S∼
(2)](1)
− = 2
√
10S∼
(1) ,
[
S∼
(2), S∼
(2)](1)
+ = 0 , (B.66)
[
S∼
(2), S∼
(2)](2)
− = 0 ,
[
S∼
(2), S∼
(2)](2)
+ = 2
√
7
3
S∼
(2) . (B.67)
B.3.6 Cartesian Tensor Operator Relations
Summarizing the efforts we get the following important relations expressed in the cartesian
tensor operators
s¯∼12(pΩ,pΩ) = 2r
2s∼12(pΩ,pΩ) + s∼12(l, l) −
1
2
s∼12(rˆ, rˆ) , (B.68)
(l∼·s∼)
2 =
2
3
l∼
2Π∼ 1 −
1
2
l∼·s∼ +
1
6
s∼12(l, l) , (B.69)
s∼12(r,pΩ)
2 = 6(l∼
2 + 3)Π∼ 1 +
45
2
l∼·s∼ +
3
2
s∼12(l, l) . (B.70)
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The commutators needed for the calculation of the correlated interaction are
[
s∼12(r,pΩ), s∼12(rˆ, rˆ)
]
− = −24iΠ∼ 1 − 18il∼·s∼ + 3is∼12(rˆ, rˆ) (B.71)[
s∼12(r,pΩ), l∼·s∼
]
− = −is¯∼12(pΩ,pΩ) (B.72)[
s∼12(r,pΩ), l∼
2]
− = 2is¯∼12(pΩ,pΩ) (B.73)[
s∼12(r,pΩ), s∼12(l, l)
]
− = 7is¯∼12(pΩ,pΩ) (B.74)[
s∼12(r,pΩ), s¯∼12(pΩ,pΩ)
]
− = i(96l∼
2 + 108)Π∼ 1 + i(36l∼
2 + 153)l∼·s∼ + 15is∼12(l, l) (B.75)[
s∼12(r,pΩ), l∼
2l∼·s∼
]
− = −i(l∼
2 + 3)s¯∼12(pΩ,pΩ) (B.76)[
s∼12(r,pΩ), l∼
2 s¯∼12(pΩ,pΩ)
]
− = i(144l∼
4 + 600l2 + 324)Π∼ 1
+ i(36l∼
4 + 477l∼
2 + 477)l∼·s∼ + i(27l∼
2 + 51)s∼12(l, l) . (B.77)
B.4 Matrix Elements in Angular Momentum Eigenstates
The matrix elements of tensor operators in angular momentum eigenstates
∣∣∣ (ls) j 〉 have to be
calculated using the matrix elements of the basic operators given in section B.4.1 and the corre-
sponding angular momentum couplings. For convenience we list the evaluated matrix elements
in the lowest angular momentum states.
The l∼
2, l∼·s∼ and s∼12(l, l) operators have only diagonal matrix elements. The s∼12(rˆ, rˆ) operator
has diagonal and off-diagonal matrix elements.
l∼
2 l∼·s∼ s∼12(rˆ, rˆ) s∼12(l, l)〈
(11)0
∣∣∣ ◦ ∣∣∣ (11)0 〉 2 -2 -4 10
〈
(01)1
∣∣∣ ◦ ∣∣∣ (01)1 〉 0 0 0 0〈
(11)1
∣∣∣ ◦ ∣∣∣ (11)1 〉 2 -1 -2 -5〈
(21)1
∣∣∣ ◦ ∣∣∣ (21)1 〉 6 -3 0 21
〈
(11)2
∣∣∣ ◦ ∣∣∣ (11)2 〉 2 1 2 1〈
(21)2
∣∣∣ ◦ ∣∣∣ (21)2 〉 6 -1 − 85 -21〈
(31)2
∣∣∣ ◦ ∣∣∣ (31)2 〉 12 -4 − 25 36〈
(21)3
∣∣∣ ◦ ∣∣∣ (21)3 〉 6 2 2 6〈
(31)3
∣∣∣ ◦ ∣∣∣ (31)3 〉 12 -1 − 107 -45〈
(41)3
∣∣∣ ◦ ∣∣∣ (41)3 〉 20 -5 − 47 55〈
(31)4
∣∣∣ ◦ ∣∣∣ (31)4 〉 12 3 2 15〈
(41)4
∣∣∣ ◦ ∣∣∣ (41)4 〉 20 -1 − 43 -77〈
(51)4
∣∣∣ ◦ ∣∣∣ (51)4 〉 30 -6 − 23 78〈
(41)5
∣∣∣ ◦ ∣∣∣ (41)5 〉 20 4 2 28〈
(51)5
∣∣∣ ◦ ∣∣∣ (51)5 〉 30 -1 − 1411 -117〈
(61)5
∣∣∣ ◦ ∣∣∣ (61)5 〉 42 -7 − 811 105
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The s∼12(r,pΩ) and s¯∼12(pΩ,pΩ) operators have only off-diagonal matrix elements.
s∼12(rˆ, rˆ) s¯∼12(pΩ,pΩ) s∼12(r,pΩ)〈
(01)1
∣∣∣ ◦ ∣∣∣ (21)1 〉 2√2 −9√2 −3i√2〈
(11)2
∣∣∣ ◦ ∣∣∣ (31)2 〉 6√65 −15√6 −3i√6〈
(21)3
∣∣∣ ◦ ∣∣∣ (41)3 〉 12√37 −42√3 −6i√3〈
(31)4
∣∣∣ ◦ ∣∣∣ (51)4 〉 4√53 −54√5 −6i√5〈
(41)5
∣∣∣ ◦ ∣∣∣ (61)5 〉 6√3011 −33√30 −3i√30
All not explicitly listed matrix elements are zero.
B.4.1 Matrix Elements of Basic Operators
For the evaluation of STB matrix elements in an angular momentum basis we need the matrix
elements for the basic operators r∼, p∼ , pΩ∼ and l∼. All STB matrix elements can then be calculated
with the help of the Clebsch-Gordan coefficients.
Vector operators can only connect states with |l − l′| ≤ 1.
〈
r; l + 1,m′
∣∣∣ r∼(1)q
∣∣∣ r; l,m 〉 = C
(
l 1
m q
∣∣∣∣∣∣
l + 1
m′
)√
l + 1
2l + 3
r , (B.78)
〈
r; l − 1,m′
∣∣∣ r∼(1)q
∣∣∣ r; l,m 〉 = −C
(
l 1
m q
∣∣∣∣∣∣
l − 1
m′
)√
l
2l − 1r . (B.79)
The matrix elements of the full momentum operator
〈
r; l + 1,m′
∣∣∣ p
∼
(1)
q
∣∣∣ r; l,m 〉 = 1
i
C
(
l 1
m q
∣∣∣∣∣∣
l + 1
m′
)√
l + 1
2l + 3
[(1
r
+
∂
∂r
)
− (l + 1)1
r
]
, (B.80)
〈
r; l − 1,m′
∣∣∣ p
∼
(1)
q
∣∣∣ r; l,m 〉 = −1
i
C
(
l 1
m q
∣∣∣∣∣∣
l − 1
m′
)√
l
2l − 1
[(1
r
+
∂
∂r
)
+ l
1
r
]
. (B.81)
and the orbital momentum operator differ by the radial momentum matrix elements (by con-
struction)
〈
r; l + 1,m′
∣∣∣ p
∼
(1)
Ω,q
∣∣∣ r; l,m 〉 = −1
i
C
(
l 1
m q
∣∣∣∣∣∣
l + 1
m′
)√
l + 1
2l + 3
(l + 1)
1
r
, (B.82)
〈
r; l − 1,m′
∣∣∣ p
∼
(1)
Ω,q
∣∣∣ r; l,m 〉 = −1
i
C
(
l 1
m q
∣∣∣∣∣∣
l − 1
m′
)√
l
2l − 1 l
1
r
. (B.83)
The orbital angular momentum operator has only diagonal matrix elements
〈
l′,m′
∣∣∣ l∼(1)q
∣∣∣ l,m 〉 = C
(
l 1
m q
∣∣∣∣∣∣
l′
m′
) √
l(l + 1)δl,l′ . (B.84)
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In the spin space we have
〈
1m′
∣∣∣ S∼ (1)q
∣∣∣ 1m 〉 = C
(
1 1
m q
∣∣∣∣∣∣
1
m′
)√
2 (B.85)
〈
1m′
∣∣∣ S∼ (2)q
∣∣∣ 1m 〉 = C
(
1 2
m q
∣∣∣∣∣∣
1
m′
)
2
√
5
3
(B.86)
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Appendix C
Harmonic Oscillator Shell Model States and the
Talmi Transformation
The shell model using harmonic oscillator states is a often used model for nuclear structure
studies. The harmonic oscillator states [ST75]
φanlm(r) =
Rnl(a)(r)
r
Y lm(rˆ)
=
1
Γ(l + 32 )
√
2Γ(l + n + 12 )√
Γ(n)
1
√
al+
3
2
e−
r2
2a rlF
(
1 − n, l + 3
2
;
r2
a
)
Y lm(rˆ)
(C.1)
have the unique feature of allowing the separation of center-of-mass and internal motion in
a two-body product state. This property can be used in the calculation of interaction matrix
elements with the help of the Talmi transformation.
C.1 Talmi Coefficients
The Talmi coefficients [ST75, Irv72] provide the transformation of a product of two single-
particle oscillator wave functions to the product of a function of the center-of-mass motion
R = 12 (r1 + r2) and a function of the relative motion depending on the relative position vector
r = r1 − r2
φan1l1m1(r1)φ
a
n2l2m2(r2) =
∑
NLMnlm
〈
n1l1m1
n2l2m2
∣∣∣∣∣∣∣
NLM
nlm
〉
φ
a/2
NLM(R) φ
2a
nlm(r) . (C.2)
We calculate the Talmi coefficient by explicitly performing the integrals over the oscillator
wave functions.
With the help of the Talmi transformation matrix elements of operators depending only on
the relative motion can be calculated as
〈
n1l1m1; n2l2m2
∣∣∣ v∼
∣∣∣ n′1l′1m′1; n′2l′2m′2 〉 =
∑
NLM
nlmn′l′m′
〈
n1l1m1
n2l2m2
∣∣∣∣∣∣∣
NLM
nlm
〉 〈
n′1l
′
1m
′
1
n′2l
′
2m
′
2
∣∣∣∣∣∣∣
NLM
n′l′m′
〉 〈
nlm
∣∣∣ v∼
∣∣∣ n′l′m′ 〉 , (C.3)
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with the relative wave functions
〈
r
∣∣∣ nlm 〉 = φ2anlm(r) . (C.4)
Including the spin χ and isospin ξ degrees of freedom we get for scalar and isoscalar opera-
tors the following result
〈
n1l1m1χ1ξ1; n2l2m2χ2ξ2
∣∣∣ v∼
∣∣∣ n′1l′1m′1χ′1ξ′1; n′2l′2m′2χ′2ξ′2 〉 =
∑
nn′
jmll′s
tmt
∑
mlm′l
msm′s
∑
NLM
〈
n1l1m1
n2l2m2
∣∣∣∣∣∣∣
NLM
nlml
〉 〈
n′1l
′
1m
′
1
n′2l
′
2m
′
2
∣∣∣∣∣∣∣
NLM
n′l′m′l
〉
C
( 1
2
1
2
ξ1 ξ2
∣∣∣∣∣∣
t
mt
)
C
( 1
2
1
2
ξ′1 ξ
′
2
∣∣∣∣∣∣
t
mt
)
× C
( 1
2
1
2
χ1 χ2
∣∣∣∣∣∣
s
ms
)
C
( 1
2
1
2
χ′1 χ
′
2
∣∣∣∣∣∣
s
m′s
)
C
(
l s
ml ms
∣∣∣∣∣∣
j
m
)
C
(
l′ s
m′l m
′
s
∣∣∣∣∣∣
j
m
)〈
n(ls) j, t
∣∣∣ v∼
∣∣∣ n′(l′s) j, t 〉 .
(C.5)
Using this formula the matrix elements of arbitrary shell model configurations can be calcu-
lated.
C.2 Doubly-Magic Nuclei
For closed shell nuclei whose ground state is described in the shell model by completely occu-
pied shells we get the following results.
Given are the expectation values for a two-body operator A∼ that is defined in the four spin-
isospin channels
a∼ =
∑
S T
a∼S T Π∼ S T . (C.6)
In the case of 4He all nucleons are in the 1s one-particle state. There are only contributions
from the even channels in the 4He expectation value (the isospin labels have been omitted in
the two-body states
∣∣∣ n(LS )J 〉 for brevity)
〈 4He ∣∣∣ A∼
∣∣∣ 4He 〉 = 3〈 1(00)0 ∣∣∣ a∼01
∣∣∣ 1(00)0 〉 + 3〈 1(01)1 ∣∣∣ a∼10
∣∣∣ 1(01)1 〉 . (C.7)
In 16O the 1s and 1p shells are fully occupied. We have contributions from the odd channels
and contributions with higher relative angular momentum in the even channels
〈 16O ∣∣∣ A∼
∣∣∣ 16O 〉 =
6
〈
1(10)1
∣∣∣ a∼00
∣∣∣ 1(10)1 〉
+ 21
〈
1(00)0
∣∣∣ a∼01
∣∣∣ 1(00)0 〉 + 3
2
〈
2(00)0
∣∣∣ a∼01
∣∣∣ 2(00)2 〉 + 15
2
〈
1(20)2
∣∣∣ a∼01
∣∣∣ 1(20)2 〉
+ 21
〈
1(01)1
∣∣∣ a∼10
∣∣∣ 1(01)1 〉 + 3
2
〈
2(01)1
∣∣∣ a∼10
∣∣∣ 2(01)1 〉
+
3
2
〈
1(21)1
∣∣∣ a∼10
∣∣∣ 1(21)1 〉 + 5
2
〈
1(21)2
∣∣∣ a∼10
∣∣∣ 1(21)2 〉 + 7
2
〈
1(21)3
∣∣∣ a∼10
∣∣∣ 1(21)3 〉
+ 6
〈
1(11)0
∣∣∣ a∼11
∣∣∣ 1(11)0 〉 + 18〈 1(11)1 ∣∣∣ a∼11
∣∣∣ 1(11)1 〉 + 30〈 1(11)2 ∣∣∣ a∼11
∣∣∣ 1(11)2 〉 .
(C.8)
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In 40Ca the 1s, 1p, 2s and 1d shells are fully fully occupied and we obtain
〈 40Ca ∣∣∣ A∼
∣∣∣ 40Ca 〉 =
30
〈
1(10)1
∣∣∣ a∼00
∣∣∣ 1(10)1 〉 + 9
2
〈
2(10)1
∣∣∣ a∼00
∣∣∣ 2(10)1 〉 + 21
2
〈
1(30)3
∣∣∣ a∼00
∣∣∣ 1(30)3 〉
+
555
8
〈
1(00)0
∣∣∣ a∼01
∣∣∣ 1(00)0 〉 + 105
8
〈
2(00)0
∣∣∣ a∼01
∣∣∣ 2(00)0 〉 + 9
8
〈
3(00)
∣∣∣ a∼01
∣∣∣ 3(00)0 〉
+
525
8
〈
1(20)2
∣∣∣ a∼01
∣∣∣ 1(20)2 〉 + 45
8
〈
2(20)2
∣∣∣ a∼01
∣∣∣ 2(20)2 〉 + 81
8
〈
1(40)4
∣∣∣ a∼01
∣∣∣ 1(40)4 〉+
+
555
8
〈
1(01)1
∣∣∣ a∼10
∣∣∣ 1(01)1 〉 + 105
8
〈
2(01)1
∣∣∣ a∼10
∣∣∣ 2(01)1 〉 + 9
8
〈
3(01)1
∣∣∣ a∼10
∣∣∣ 3(01)1 〉
+
105
8
〈
1(21)1
∣∣∣ a∼10
∣∣∣ 1(21)1 〉 + 175
8
〈
1(21)2
∣∣∣ a∼10
∣∣∣ 1(21)2 〉 + 245
8
〈
1(21)3
∣∣∣ a∼10
∣∣∣ 1(21)3 〉
+
9
8
〈
2(21)1
∣∣∣ a∼10
∣∣∣ 2(21)1 〉 + 15
8
〈
2(21)2
∣∣∣ a∼10
∣∣∣ 2(21)2 〉 + 21
8
〈
2(21)3
∣∣∣ a∼10
∣∣∣ 2(21)3 〉
+
21
8
〈
1(41)3
∣∣∣ a∼10
∣∣∣ 1(41)3 〉 + 27
8
〈
1(41)4
∣∣∣ a∼10
∣∣∣ 1(41)4 〉 + 33
8
〈
1(41)5
∣∣∣ a∼10
∣∣∣ 1(41)5 〉
+ 30
〈
1(11)0
∣∣∣ a∼11
∣∣∣ 1(11)0 〉 + 90〈 1(11)1 ∣∣∣ a∼11
∣∣∣ 1(11)1 〉 + 150〈 1(11)2 ∣∣∣ a∼11
∣∣∣ 1(11)2 〉
+
9
2
〈
2(11)0
∣∣∣ a∼11
∣∣∣ 2(11)0 〉 + 27
2
〈
2(11)1
∣∣∣ a∼11
∣∣∣ 2(11)1 〉 + 45
2
〈
2(11)2
∣∣∣ a∼11
∣∣∣ 2(11)2 〉
+
49
2
〈
1(31)2
∣∣∣ a∼11
∣∣∣ 1(31)2 〉 + 63
2
〈
1(31)3
∣∣∣ a∼11
∣∣∣ 1(31)3 〉 + 77
2
〈
1(31)4
∣∣∣ a∼11
∣∣∣ 1(31)4 〉 .
(C.9)
C.3 Explicit Operator Expectation Values
For some operators the matrix elements in the harmonic oscillator basis can be calculated
analytically.
Intrinsic Kinetic Energy (uncorrelated)
The expectation value of the uncorrelated intrinsic kinetic energy
〈
T∼ − T∼ cm
〉
is given by
4He :
1
m
9
4a
16O :
1
m
69
4a
40Ca :
1
m
237
4a
. (C.10)
Coulomb Interaction (uncorrelated)
If we neglect the effect of the central correlations on the expectation values of the Coulomb
interaction we obtain
4He : 2
e2√
2pia
16O :
83
2
e2√
2pia
40Ca :
7905
32
e2√
2pia
. (C.11)
Radius rrms (uncorrelated)
The uncorrelated rrms radius of the doubly-magic nuclei (or the one-body contribution of the
correlated radius) is given by
4He :
3
2
√
2
√
a 16O :
√
69
4
√
2
√
a 40Ca :
√
237
4
√
5
√
a . (C.12)
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Appendix D
Correlator Parameters
D.1 Correlator Parameterizations
The correlation functions R+(r) and ϑ(r) are used in parameterized form. For the correlators
determined from the zero-energy scattering solutions a fit to a suitable parameterization is
performed.
In this work we use the following parameterizations for the central correlation functions
R+(r) = r + α
(
r
β
)η
exp
{
− exp
{ r
β
}}
, (D.1)
R+(r) = r + αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
− r
β
}
(D.2)
and
R+(r) = r + αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
exp−
{ r
β
}}
. (D.3)
For the tensor correlation functions ϑ(r) the parameterizations
ϑ(r) = αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
− r
β
}
(D.4)
and
ϑ(r) = αγη
(
1 − exp
{
−
( r
γ
)η})
exp
{
− exp
{ r
β
}}
(D.5)
are used.
D.2 Malfliet-Tjon V Potential
correlator channel type α β γ η
zero all (D.1) 0.947 0.937 0.410
min all (D.1) 0.917 0.902 0.413
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D.3 Modified Afnan-Tang S3 Potential
correlator channel type α β γ η
zero 01 (D.1) 1.754 1.109 0.643
zero 10 (D.1) 1.422 0.951 0.783
zero odd (D.2) 0.785 1.052 0.432 1
min 01 (D.1) 1.587 1.074 0.597
min 10 (D.1) 1.265 0.852 0.817
minα odd (D.3) 1.066 0.994 1.545 1
minβ odd (D.3) 1.642 1.282 0.464 1
minγ odd (D.3) 2.253 1.666 0.277 1
D.4 Bonn-A Potential
Central Correlators
correlator channel type α β γ η
zero 00 (D.2) 0.341 8.696 0.891 2
zero 01 (D.1) 1.280 0.840 0.702
zero 10 (D.1) 1.263 0.891 0.750
zero 11 (D.1) 0.714 1.292 0.836
minα 00 (D.3) 0.250 1.406 1000.0 2
minβ 00 (D.3) 0.348 1.797 1.449 2
min 01 (D.1) 1.199 0.808 0.734
min 10 (D.1) 1.132 0.779 0.848
min 11 (D.1) 0.658 1.198 0.798
min − 4He 01 (D.1) 1.344 0.899 0.699
min − 4He 10 (D.1) 1.256 0.853 0.811
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D.5 · Argonne V8’ and Argonne V18 Potential
Tensor Correlators
correlator channel type α β γ η
zero 10 (D.4) 0.410 6.898 0.761 2
zero 11 (D.4) -0.013 1.697 1.240 3
minα 10 (D.5) 0.412 1.287 4.994 2
minβ 10 (D.5) 0.408 1.834 1.215 2
minγ 10 (D.5) 0.420 2.745 0.925 2
min 10 (D.4) 0.170 2.372 0.863 2
minα 11 (D.5) -0.032 3.353 1.106 3
min 11 (D.4) -0.014 1.699 1.197 3
minα − 4He 10 (D.5) 0.468 1.241 100.0 2
minβ − 4He 10 (D.5) 0.398 1.472 100.0 2
minγ − 4He 10 (D.5) 0.383 2.551 1.109 2
min − 4He 10 (D.4) 0.152 7.201 0.741 2
D.5 Argonne V8’ and Argonne V18 Potential
Central Correlators
correlator channel type α β γ η
zero 00 (D.2) 1.201 4.453 0.237 1
zero 01 (D.1) 1.484 0.873 0.422
zero 10 (D.1) 1.426 0.917 0.446
zero 11 (D.2) 0.978 0.570 0.550 1
minα 00 (D.3) 1.804 1.272 0.424 1
minβ 00 (D.3) 2.306 1.603 0.307 1
min 01 (D.1) 1.379 0.885 0.372
min 10 (D.1) 1.296 0.849 0.419
min 11 (D.3) 3.102 1.374 0.187 1
min − 4He 01 (D.1) 1.380 0.981 0.336
min − 4He 10 (D.1) 1.372 0.907 0.419
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Tensor Correlators
correlator channel type α β γ η
zero 10 (D.4) 0.288 3.247 0.435 1
zero 11 (D.4) -0.025 1.573 1.203 1
minα 10 (D.5) 0.530 1.298 1000.0 1
minβ 10 (D.5) 0.579 1.717 1.590 1
minγ 10 (D.5) 0.786 2.665 0.488 1
min 10 (D.4) 0.341 2.153 0.407 1
minα 11 (D.5) -0.081 3.477 0.420 1
min 11 (D.4) -0.027 1,685 0.864 1
minα − 4He 10 (D.5) 0.590 1.266 100.0 1
minβ − 4He 10 (D.5) 0.520 1.554 100.0 1
minγ − 4He 10 (D.5) 0.621 2.446 0.883 1
min − 4He 10 (D.4) 0.361 4.017 0.303 1
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